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Abstract 

We introduce and study the Congruence Boolean Lifting Property (CBLP) for congruence-distributive 
universal algebras, as well as a property related to CBLP, which we have called (*). CBLP extends the 
so-called Boolean Lifting Properties (BLP) from MV-algebras, BL-algebras and residuated lattices, but 
differs from the BLP when particularized to bounded distributive lattices. Important classes of universal 
algebras, such as discriminator varieties, fulfill the CBLP. The main results of the present paper include 
a characterization theorem for congruence-distributive algebras with CBLP and a structure theorem for 
semilocal arithmetical algebras with CBLP. When we particularize the CBLP to the class of residuated 
lattices and to that of bounded distributive lattices and we study its relation to other Boolean Lifting 
Properties for these algebras, interesting results concerning the image of the reticulation functor between 
these classes are revealed. 
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distributive, congruence-permutable, arithmetical) algebra; discriminator variety. 


1 Introduction 

A unital ring has the Idempotent Lifting Property {ILP or LIP) iff its idempotents can be lifted modulo every 
left ideal. The ILP is closely related to important classes of rings such as clean rings, exchange rings, Gelfand 
rings, maximal rings etc.. Several algebraic and topological characterizations of commutative unital rings with 
ILP are collected in [191 Theorem 1.7]. 

In studying the ILP for commutative unital rings, it is essential that the set of idempotents of a commutative 
unital ring i? is a Boolean algebra (called the Boolean center of R). There are many algebraic structure to which 
one can associate a “Boolean center": bounded distributive lattices, G-groups, MV-algebras, BL-algebras, 
residuated lattices etc.. For all of these algebras, a lifting condition for the elements of the Boolean center, 
similar to the ILP for rings, can be defined. In |^, [7], [11], [12], we have defined and studied the Boolean Lifting 
Properties for residuated lattices and bounded distributive lattices, we have provided algebraic and topological 
characterizations for them, and established links between them, by means of the reticulation functor (cn], [10], 
[S], [12], [H], [H], [IS]). We have also studied a type of generalization of the lifting properties for universal 
algebras in m and [2S] . 

The issue of defining a condition type Boolean Lifting Property in the context of universal algebras naturally 
arises. Such a condition needs to extend the Boolean Lifting Properties in the particular cases of the struc¬ 
tures mentioned above, thus, first of all, it needs to be defined for a class of universal algebras which includes 
these particular kinds of structures. This idea has started the research in the present paper. The Congruence 
Boolean Lifting Property (CBLP), which we study in this article, is a lattice-theoretic condition; a congruence- 
distributive algebra A has CBLP iff its lattice of congruences, Con(A), is such that the Boolean elements of 
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each of its principal filters are joins between the generator of that filter and Boolean elements of Con(^). CBLP 
is the transcription in the language of universal algebra of property (3) from Lemma 4]. In the particular 
cases of MV-algebras, BL-algebras and residuated lattices, CBLP is equivalent to the Boolean Lifting Property; 
however, this does not hold in the case of bounded distributive lattices, which all have CBLP, but not all have 
the Boolean Lifting Property. Consequently, the CBLP is only a partial solution to the issue mentioned above, 
but its study is motivated by the properties of the universal algebras with CBLP which we prove in this paper. 
Significant results on the Boolean Lifting Property for MV-algebras, BL-algebras and residuated lattices can 
be generalized to CBLP in important classes of universal algebras. 

Section[5]of this paper contains some well-known notions and previously known results from universal algebra 
that we need in the rest of the paper. The results in the following sections are new, excepting only the results 
cited from other papers. 

Section[3]is a collection of results concerning the form of congruences, and that of Boolean, finitely generated, 
prime and maximal congruences, in finite, as well as arbitrary direct products of congruence-distributive algebras 
from an equational class. These results serve as preparatives for the properties we obtain in the following sections. 

In Section |T1 we introduce the property whose study is the aim of this paper: Congruence Boolean Lifting 
Property (abbreviated CBLP). We define and study the CBLP in equational classes of algebras whose lattice of 
congruences is distributive and has the property that its last element is compact. We prove a characterization 
theorem for the CBLP through algebraic and topological conditions, and identify important classes of algebras 
with CBLP, which include the class of bounded distributive lattices and discriminator varieties. We also study 
the behaviour of CBLP with respect to quotients and direct products, and its relation to a property we have 
called (*). Both CBLP and (*) extend properties which we have studied for residuated lattices in m, ffU; many 
of the results in this section are inspired by results in m, m- The preservation of the CBLP by quotients gives 
it an interesting behaviour in non-distributive lattices; in order to illustrate the related properties, we provide 
some examples. 

Section [5] is concerned with the particularizations of CBLP to the class of residuated lattices and that of 
bounded distributive lattices. For these algebras we have studied a property called the Boolean Lifting Property 
(BLP): for residuated lattices, in a restricted form in [TU], [53], and, in the form which also appears in the 
present article, in m and [12]; for bounded distributive lattices, in i, 13 and [12]. It turns out that the CBLP 
and BLP coincide in the case of residuated lattices, but not in the case of bounded distributive lattices, where, 
as shown in Section 0] the CBLP always holds, unlike the BLP. The reticulation functor from the category 
of residuated lattices to that of bounded distributive lattices preserves the BLP for filters ([H]); clearly, the 
situation is different for the CBLP. These considerations make it easy to notice some properties concerning 
the image through the reticulation functor of certain classes of residuated lattices, including MV-algebras and 
BL-algebras, more precisely to exclude certain classes of bounded distributive lattices from these images. 

In Section [6] we return to the setting of universal algebra, and study the CBLP in semilocal arithmetical 
algebras; we find that, out of these algebras, the ones which fulfill the CBLP are exactly the finite direct products 
of local arithmetical algebras. 

2 Preliminaries 

We refer the reader to m, 0, m, [la for a further study of the notions we recall in this section. 

We shall denote by N the set of the natural numbers and by N* = N\ {0}. Throughout this paper, any direct 
product of algebras of the same type shall be considerred with the operations of that type of algebras defined 
componentwise. Also, throughout this paper, whenever there is no danger of confusion, for any non-empty 
family of sets, by {xi)i^i € Mi we shall mean: Xi € Mi for all i £ I. Finally, throughout this paper, 

iei 

a non-empty algebra will be called a trivial algebra iff it has only one element, and a non-trivial algebra iff it 
has at least two distinct elements. 

Throughout this section, r will be a universal algebra signature and A will be a r-algebra, with support set 
A. The congruences of A are the equivalences on A which are compatible to the operations of A. Let Con(M) be 
the set of the congruences of A, which is a complete lattice with respect to set inclusion. Notice that, for every 
4>,0 € Con(M), (j) Q 9 iS (j) is a. refinement of 9, that is all the congruence classes of 9 are unions of congruence 
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classes of cj). In the complete lattice (Con(^), C), the meet of any family of congruences of A is the intersection 
of those congruences. The join, however, does not coincide to the union; we shall use the common notation, V, 
for the join in Con(^). Also, clearly, is the first element of the lattice Con(^), and V _4 is the last element 
of the lattice Con(^), where we have denoted by = idA = {(o,a) | o G A} and . Any (j) G Con(A) 

such that (j) 7^ V _4 is called a proper congruence of A. 

Since the intersection of any family of congruences of A is a congruence of A, it follows that, for every 
subset X of A^, there exists the smallest congruence of A which includes X; this congruence is denoted by 
Cg{X) and called the congruence of A generated by X. Whenever the algebra A needs to be specified, we 
shall denote Cg{X) by Cg^iX). It is obvious that the join in the lattice (Con(A),C) is given by: for all 
0,'0 G Con(A), 0 V 0 = Cgifi U 0). The congruences of A generated by finite subsets of A^ are called finitely 
generated congruences. For every a,b & A, Cg{{{a, 6)}) is denoted, simply, by Cg(a, b), and called the principal 
congruence generated by (a, b) in A. Clearly, finitely generated congruences are exactly the finite joins of principal 
congruences, because, for any A C A^, Cg{X) = \J Cg{a,b) and, since every congruence is reflexive, 

(a,h)GX 

Cg{%) = Xa = Cg{a, a) for all a € A. The set of the finitely generated congruences of A shall be denoted by 
/C(A). It is well known ([^) that Con(A) is an algebraic lattice, that is a complete lattice such that each of its 
elements is a supremum of compact elements, and that the compact elements of Con(A) are exactly the finitely 
generated congruences of A: /C(A) coincides to the set of the compact elements of Con(A). 

The r-algebra A is said to be: 

• congruence-distributive iff the lattice Con(A) is distributive; 

• congruence-permutable iff each two congruences of A permute (with respect to the composition of binary 
relations); 

• arithmetical iff it is both congruence-distributive and congruence-permutable. 

Throughout the rest of this section, the r-algebra A shall be considerred non-empty and congruence- 
distributive. 

For any n G N* and any non-empty r-algebras Ai, A 2 , •.A„, with support sets Ai, ..., A„, respectively, 

n 

if A = Ai, then: 

i=l 

• if 0i G Con(Ai) for all i G l,u, then we denote: 0i x ... x = {((xi,... ,x„), (j/i,... ,yn)) G A^ | (Vz G 
0^) iixi,y,) G 00}; 

• if 0 G Con(A), then, for all z G 1, n, we denote by: pri{9) = {(x, y) G A^ | (3 (xi,..., x„), (z/i,..., y„) G 
A)(((xi,...,x„),(yi,...,y„)) G 9,Xi = x,yi = y)}. 

More generally, for any non-empty family (Ai)ig/ of non-empty r-algebras, if Ai is the support set of Ai 
for each z G / and A = Ai, then: 

i&I 

• if 6»i G Con(Ai) for all z G I, then we denote: J^^i = {((xi)ig/, (z/i)i6/) G A^ | (Vz G /) {{xi,yi) G 6>i)}; 

iGl 

• if 6> G Con(A), then, for all i G I, we denote by: pri{9) = {{x,y) G A^ | (3 {xt)tei, iyt)tei G A) (((xt)tg/, 
iyt)tei) G9,Xi= x,yi = y)}. 

Lemma 2.1. [TB] Let n G N*, Ai, A 2 , ..., A„ be non-empty congruence-distributive r-algebras, and assume 

n 

that A = Ai. Then: 

i=l 

(i) given any 9i G Con(Ai) for every z G l,zz, it follows that x ... x G Con(A) and, for each z G l,n, 
pri{9i X ... x9n) = 9i; 
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(ii) given any 9 G Con(^), it follows that: for each i G l,n, pri{9) G Con(^i), and 9 = pri{9) x ... x prn{9); 

n 

(in) the function f : Con(^i) —>• Con(^), defined by f{9i ,..., 0„) = 9i x ... x 9n for all 9i G Con(^i), .. 

i—1 

9n G Con(^„), is a bounded lattice isomorphism, whose inverse is defined by: f~^{9) = {pri{9),... ,prn(9)) 
for all 9 G Con(^). 


A proper congruence of A is called a prime congruence iff, given any 0i, 02 G Con(A), if 0i fl 02 C (j), then 
01 C or 02 C (f). The maximal elements of the set of proper congruences of A are called maximal congruences. 
We shall denote by Spec(A) the set of the prime congruences of A, by Max(A) the set of the maximal congruences 
of A and by Rad(A) ^ 

e6Max(>t) 

Let us consider the following hypothesis: 

(H) G K.{A) (that is: is a compact element of Con(A); equivalently: is a finitely generated 

congruence of A). 

Clearly, K.{A) is a sublattice of Con(A), because, for all X C and V C A^, Cg(X) V Cg(V) = Cg(X HY) 
and Cg{X) C CgiY) = Cg{X U Y). Furthermore, A _4 = Cg{%) G 1C{A), hence, if (H) is satisfied, then 1C{A) is a 
bounded sublattice of Con(A). 

The following lemma is well known and straightforward. 

Lemma 2.2. If A fulfills (H), then: 

(i) any proper congruence of A is included in a maximal congruence; 

(ii) Max(A) C Spec(A); 

(Hi) any proper congruence of A equals the intersection of the prime congruences that include it. 


Clearly, if A fulfills (H), then: A is non-trivial iff V _4 iff A^ is a proper congruence of A iff A has 

proper congruences iff A has maximal congruences, where the last equivalence follows from Lemma 12.21 ([I]). 

We say that the Chinese Remainder Theorem [CRT, for short) holds in A iff: for all n G N*, any 0i,..., 0„ G 
Con(A) and any ai,...,a„ G A, if {ai,aj) G 0i V 9j for all i,j G l,n, then there exists an a G A such that 
(a,ai) G 9i for all i Gl,n. 

Proposition 2.3. [TB] CRT holds in A iff A is arithmetical. 

For every congruence 0 of A, we shall denote: 

• by [0) the principal filter of the lattice Con(A) generated by 0, that is [0) = {(j) G Con(A) | 0 C (/>}; as is the 
case for any lattice filter, [0) is a sublattice (not bounded sublattice) of Con(A,), and hg : Con(A) —>■ [0), 
hg{(j)) = (fV 9 for all (f G Con(A), is a bounded lattice morphism; 

• for any a G A, by a/0 the equivalence class of a with respect to 0, and by A/0 the quotient set of A with 
respect to 0; in what follows, we shall assume that A/0 becomes an algebra of the same kind as A, with 
the operations defined canonically, and we shall denote by A/9 the algebraic structure of A/0; 

• by : A —>• A/0 the canonical surjection with respect to 0; 

• for any A C A^ and any F C A, by X/9 = {(pp(a),pp(6)) | (a, b) G X} = {(a/0, 6/0) | (a, 6) G X} and by 
Y/9 =Pq{Y) = {a/9 | a G F}; 
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by sg : Con(^/0) — )■ [9) the function defined by: for any a G Con(^/0), SQ{a) = {{a,b) G \ {pQ{a),pQ{b)) 
G a}; as shown in [3, sg is a bounded lattice isomorphism, whose inverse is defined by = (j)/ 9 = 

{{pQ{a),pQ{b)) I (a, &) G 0} = {{a/9,b/9) \ {a,b) G (f)} for every (j) G [d); consequently, if A and A/9 
fulfill (H), then Max(^/0) = s^^(Max(^) fl [0)) = {4>/d \4> G Max(^),0 C (/>}; thus, if A and A/9 fulfill 
the hypothesis (H), then Max(^/Rad(^)) = (Max(^)), which is isomorphic to Max(^), and 

Rad(^/Rad(^)) = Rad(^)/Rad(^) = {V>t/Rad(^)}. 


Lemma 2.4. [121 Theorem 2.3, (hi)] For every 9 G Con(.4,) and any X C A^, Cgji^ig{X/9) = (Cg^iX) V 9)/9. 

For every bounded distributive lattice L, we shall denote by B{L) the Boolean center of L, that is the set of 
the complemented elements of L. Then B{L) is a Boolean algebra, and, given any bounded distributive lattice 
M and any bounded lattice morphism f : L ^ M, the image of the restriction B{f) of / to B{L) is included in 
B{M). Thus B becomes a covariant functor from the category of bounded distributive lattices to the category 
of Boolean algebras. 

Clearly, if {Li)i^j is an arbitrary family of bounded distributive lattices, then 

ie/ ie/ 

A congruence 0 of A is called a faetor congruence iff there exists 9* G Con(A) such that 9 \/ 9* = V. 4 , 
9 n9* = and 9 o 9* = 9* o 9. In other words, the factor congruences of A are the elements of S(Con(A)) 
that permute with their complement. If the algebra A is arithmetical, then it is congruence-permutable, thus 
the set of its factor congruences coincides to S(Con(A)). 

All finite direct products of algebras in this paper are considerred non-empty. 

Lemma 2.5. |16j Let n G N* and consider n arithmetical algebras, Ai, A 2 , ■ ■ ■, An- Then the following are 
equivalent: 


n 

(i) A is isomorphic to the direct product 

i^l 

n 

(a) there exist ai,... ,an G S(Con(A)) such that ai V aj = V _4 for all i,j G I,n such that i j, n a* = 

_ 1=1 

and Ai is isomorphic to A/ai for each f G l,n. 


For every bounded distributive lattice L, we denote by Id(L) the lattice of ideals of L, by SpeCi(j(L) the set 
of the prime ideals of L, by Maxid(L) the set of the maximal ideals of L and by Radid(L) the intersection of all 
maximal ideals of L. L is said to be Id-local iff it has exactly one maximal ideal. 

We recall that a bounded distributive lattice L is called: 

• a normal lattice iff, for every x,y € L such that xV y = 1, there exist e, f G L such that e A / = 0 and 
xV e = yV f = 1; 

• a B-normal lattice iff, for every x,y G L such that xV y = 1, there exist e, / G B{L) such that e A / = 0 
and x\/e = y\/f = l; 

• a conormal lattice iff its dual is normal; 

• a B-conormal lattice iff its dual is B-normal. 

Throughout the rest of this section, L will be a bounded distributive lattice. Throughout the rest of this 
paper, by lattice we shall mean bounded distributive lattice. 

Clearly, any B-normal lattice is normal, and any B-conormal lattice is conormal. Trivially, any Boolean 
algebra is B-normal and B-conormal. 

Lemma 2.6. |4] The following are equivalent: 
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• L is Id-local; 

• for all x,y € L, x W y = 1 implies x = 1 or y = 1. 


Lemma 2.7. Radid(L) = {a £ L \ (y x £ L) {aV x = 1 ^ x = 1)}. 

3 Direct Products of Algebras 

In this section, we obtain a series of results concerning the congruences of finite and those of arbitrary direct 
products of congruence-distributive algebras from an equational class, results which we need in the sequel. 

Throughout the rest of this paper, t will be a universal algebra signature, C shall be an equational class 
of congruence-distributive r-algebras and, unless mentioned otherwise, A will be a non-empty algebra from C, 
with support set A. See the notations in Section [5] for what follows. 

Lemma 3.1. Let n £ N*, Ai,..., An be algebras from C, with support sets Ai,..., An, respectively, and assume 

n 

that A = Ai ■ 

i=l 

(i) For all i £ l,n, let Xi C A^, and let X = {{{ai,... ,an), {bi,... ,bn)) \ {Vi £ l,n) {{ai,bi) £ Xi)}. Then 
CgAiX) = CgAAX^) x ... x 

(a) Let X C and, for all i £ l,n, Xi = {{x,y) £ Af \ {3 ((oi,... ,a„), (&i,.. .,&„)) e X) {m = x,hi = y)}. 
Then CgAiX) = CgAiiXi) x ... x CgA„iXn). 


Proof. dH Clearly, CgAiiXi) x ... x CgA^Xn) A X, thus CgAiiXi) x ... x CgA„{Xn) A CgAiX)] also, for all 
i £l,n, priiCgAiX)) A Xi, thus pr^iCgAiX)) A CgAii^i), hence CgAiX) A CgAiiXi) x ... x CgA„iXn) by 
Lemma ETTl Therefore CgAiX) = CgAiiXi) x ... x CgA^iXn). 

(0 Denote Y = {((ai,..., a„), (&i,..., &„)) | (Vi G 1, n) ((oi, bf) G Xi)} C A^. Clearly, X AY, thus CgAiX) C 
CgA(Y) = CgAiiXi) x ... x CgA^iXn), by ([i|. Also, clearly, for all i £ l,n, pr^iCgAiX)) A Xi, thus 
PniCgAiX)) A CgAiiXi), hence CgAiX) A CgAiiXi) x ...x CgA„iXn) by Lemma[2Tl Therefore CgAiX) = 
CgAiiXi)x...xCgAjXn). □ 

n 

Proposition 3.2, Let n gN*, v4i, ... ,An be algebras from C, and assume that A — Then: 

2=1 


n 

(i) the function g : pS(Con(Ai)) —?> S(Con(A)), defined by giOi,... ,9n) = 0i x ... x On for all 9i G 

i=l 

i3(Con(Ai )),... ,9n £ BiGoniAn)), is a Boolean isomorphism; 

n 

(a) the function h : ICiAi) —?> /C(A), defined by /i(0i,..., 0„) = 6*i x ... x for all 9i £ tCiAi),... ,9n G 

2=1 

/C(A„), is a bijection. 


n n 

Proof. (0 Since 6(nCon(A))=n S(Con(Ai)), it follows that g = Bff), the image through the functor B of 

2=1 2=1 

the bounded lattice isomorphism / from Lemma 12.11 (luiT) , hence g is a Boolean isomorphism. 

(|ii|) With the notations in Lemma ixn (0), if Xi,..., Xn are finite, then X is finite, hence, if 9i £ XiAi) for all 
i £ l,n, then 9i x ... x 9n £ XiA), thus h is well defined. With the notations in Lemma [3.11 (pl|). if X is finite, 

n 

then Xi,... ,Xn are finite, thus h is surjective. Finally, since h is the restriction to P/C(v4i) of the function / 

2=1 

from Lemma [2.11 dm)) , and / is injective, it follows that h is injective. Therefore h is bijective. □ 
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Lemma 3.3. Let {Ai)i^i be a non-empty family of non-empty algebras from C, assume that A = let J 

iei 

be an arbitrary non-empty set and, for every i G I, let C Con(.4i). Then 

jeJ i€i iei jeJ 

Proof. For all i G I, let Ai be the support set of Ai and Oi, bi G Ai. Then: ((ai)ig/, {b^)^eI) e n(n Oij) iff, for 

jeJ iG/ 

alH G / and all j G J, (oi, bi) G 9ij, iff {{ai)i^i, (bi)i^i) G hence the equality in the enunciation. □ 

iei jeJ 

Lemma 3.4. Let {Ai)i^i be a non-empty family of non-empty algebras from C, and assume that A = 

i&I 

Then: 

(i) for any (9i )^G7 e n Con(^i), it follows that W_di G Con(yl) and, for each j G l,n, = 9j; 

iGl iei 

(a) for any 9 G Con(^), it follows that: for each i G I, pri{9) G Con(.4.i), and 9 C W_pri{9); 

(Hi) the function f : J^Con(.Ai) ^ Con(^), defined by /((^Jig/) = Y\_9i for all [9i)i^i G ]^Con(yli), is an 

i£l i£l 

injective bounded lattice morphism. 


Proof. For every i G I, let Ai be the support set of Ai. 

0 Let {9i)i^i G n Con(.Ai), and let ui be an operation symbol from r, of arity k G N*. For each j G l,k, 
i£l 

let (aj^i)i^i,{bj^i)i^j € and, for every i G /, let (ai,^,..., afc,i) = ai G and . ■., = 

iGl 

bi G Ai. Assume that, for all j G l,fc, {{ajg)i^i, ibJ,^)^eI) G n 9i, that is, for all i G / and all j G l,fc, 

iei 

(aj^ijbj^i) G 9i. For all i G I, since 9i G Con(Ai), it follows that {ai,bi) G 9i, thus {{ai)i^i, {bi)i^i) G Con(Ai). 

iGl 

Since A = the following hold: uj-^{{ai^i)i(zi,... ,{ak,i)iei) = , afc,z))iG/ = (aO^G/ and 

iei 

^ ((^i,i)iG/j ■ • ■; (^/c,z)iG/) ^(b\ i,... ,bk^i))i^j Therefore {to ((ai^j)jgj, (u/c, 2 ) 2 ^ 7 ), 

w^((^i,i)iG/i ■ • ■ I ibk,i)i^i)) G Hence G Con(yl). It is immediate that, for all j G I, = 9j. 

i&I 

0]) Straightforward. 

011 ) © ensures us that the image of / is, indeed, included in Con(A). Bounded distributive lattices form an 
equational class, thus Con(Ai) is a bounded distributive lattice, with the operations defined componentwise; 
iei 

from this it is straightforward that f is a bounded lattice morphism. The injectivity of / follows from the second 
statement in 0 . □ 

Throughout the rest of this paper, we shall assume that all non-empty algebras from C fulfill the hypothesis 
(H) (see Section I©. 

n 

Proposition 3.5. Let n G N*, Ai, A 2 , . ■., An be non-empty algebras from C, and assume that A — Ai. 

i=l 

Then: 
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n 


(i) Max(^) = X ... X V^._^ x 0 x x ... x | 6 € Max(^i)}; consequently, |Max(^)| = 

n 

|Max(A)| and Rad(^) = Rad(^i) x ... x Rad(^n); 

2=1 


(ii) Spec(^) = [J{V_ 4 ^ X ... X V^._^ x 6 x x ... x | 9 € Spec(A)}; consequently, |Spec(^)| = 

2=1 

n 

|Spec(.40|. 

2=1 

Proof. dH It is immediate that, for every i G l,n and every 9 G Max(.4,i), x ... x V^._^ x 9 x ^x 
... X VAn € Max(.4). 

Now, given any (j) G Max(.4), it follows that (/) is a proper congruence, thus there exist a,b G A such that 
(a, 6) ^ (j), that is, for some i G l,n, (ai,bi) ^ (fi^ where we have denoted a = {ai,... ,an), b = {bi,... ,bn) 
and (p = (fi X ... X (fn, with ak,bk G Ak (the support set of .4^) and (pk G Con(.4,fc) for all k G l,n. So 
<pi 7 ^ Assume by absurdum that there exists a j G l,u such that j ^ i and (pj -^y Then (p C 

V^i X . . . X ^ X 9 X X ... X C V^, which is a contradiction to the maximality of (p. Hence 

(p = X ... X V^._^ X (piX X ... X S/An- If is clear that the proper congruence (pi G Max(Ai), because 

otherwise we would get another contradiction to the maximality of (p. 

n 

Therefore Max(A) has the form in the enunciation, otherwise written Max(A) = U({V^Jx...x{V^^_Jx 

2=1 

Max(Ai) X X ... X {V^„}), from which the expression of its cardinality follows by noticing that, since 

V^. ^ Max(Ai) for any i G l,n, the sets {V^^} x ... x {V_ 4 ._^} x Max(Ai) x x ... x {V^„}, with 

i G l,n, are mutually disjoint, and that they are in bijection to the sets Max(Ai), with i G l,n, respectively. 
The formula of Rad (A) now follows by Lemma [37^ 

(|n|) Let z G l,n, 0 G Spec(Ai) and denote (p = x ... x V^._^ x 9 x x ... x VAn- Tet a,/3 G Con(A) 

such that a n /3 C 0. Then, if a = Oi x ... x q;„ and /3 = /3i x ... x /3„, with ak,l3k G Con(Afe) for all fc G 1, u, 

it follows that UiCi I3i C 9 G Spec(A), thus at C 9 oi Pi C 9, thus a C ^ or /3 C </>. Therefore (p G Spec(A). 

Now let (p G Spec(A), so <() is a proper congruence of A, from which, just as above for maximal congruences, 
we get that, ii cp = (pi x ... x (pn, with (pk G Con(Afe) for all k G l,n, then there exists an z G l,n such 
that (pi is a proper congruence of Ai. If there also exists a j G I,rz with j ^ i and (pj a proper congruence 
of Aj, then, by denoting a = (pi x ... x (pi-i x Ai x (pi+i x ... x (pn and P = (pi x ... x (pj-i x S/a, x 
<pj+i X ... X (pn, we get that a fl /3 = (p, but a (p and P ^ (p, which is a contradiction to the primality of 
(p. Hence (p = x ... x V^._^ x (pi x x ... x V^„, with (pi ^ Assume by absurdum that 

(pi ^ Spec(Ai), that is there exist ai,Pi G Con(Ai) such that ai H Pi C (pi, but ai ^ (pi and Pi ^ (pi. Denote 
a = Vai X ... X Va^_i xaiX x ... x and P = x ... x a,_i x Pi x x ... x . Then 

anp = X ... X X (ainPi) x x ... x V^„ C x ... x a,_i X(prX x ... x = (p, 

but a ^ (p and P ^ (p, which is a contradiction to the primality of (p. Hence (pi G Spec(Ai). 

n 

Therefore Spec(A) has the form in the enunciation, otherwise written Spec(A) = [J ({} x ... x } x 

2=1 

Spec(Ai) X X ... X {V^„}), from which the expression of its cardinality follows by noticing that, since 

^ Spec(Ai) for any z G I,n, the sets {V^^} x ... x x Spec(A) x x ... x {V^„}, with 

z G 1, rz, are mutually disjoint, and that they are in bijection to the sets Spec(A)) with z G 1, rz, respectively. □ 

Proposition 3.6. Let [AAjyi be a non-empty family of non-empty algebras from C, and assume that A = P[ A- 

iei 


Then: 


(i) Max(^) D I 4’j G Max(^j), (Vi G I\{j}) i<^i = V^J}; consequently, |Max(Vl)| > ^ |Max(Vlj)| 

je/ le/ jei 

and Rad(vl) C JjRad(^j); 
j&i 

(a) Spec(^) 3 uin I (t>j G Spec(vlj), (Vi G I\{j}) {4>i = consequently, |Spec(^)| > ^ |Spec(^j)|. 

je/ i&i j&i 


Proof. dH For every j G /, the following hold: = Vlj x Ai, hence, according to Proposition 

ie/ 

13.51 dH, applied for n = 2, Max(Vl) = Max(]^A) = Max(Vlj x Vl*) = {6j x Vnie/\{ 3 }A I ^ 

iei iei\ij} 

Max(A)} U {V^,. x 0 I 0 G Max( [] A)} 2 {% x ^ Max(A)} = {Oj x H I S 

Max(Vlj)}, and the latter set is isomorphic to Max(Vlj), so its cardinality coincides to |Max(Vlj)|. Therefore, 
Max(Vl) 3 n ^Ai I G Max(Vlj)}, and the sets in this union are, obviously, mutually disjoint, hence 

j&I 

|Max(vl)| > |Max(Vlj)|. Also, the previous inclusion shows that Rad(Vl) C n n ("..x n v^.) = 

j&I jGl ejGMa.-x.{Aj) 

n n ">=11 Rad(Vlj), by Lemma [331 

jel 6j£Max{Aj) j€l 

dni) Analogously to dll), but applying Proposition [331 (©, instead of Proposition [331 (P- □ 


4 Introducing the Congruence Boolean Lifting Property 

In this section we introduce the property we call CBLP, which constitutes the subject of this paper, identify 
important classes of congruences and classes of algebras which fulfill CBLP, prove a structure theorem for 
algebras with CBLP, and study CBLP in quotient algebras, in direct products of algebras and in relation to 
other significant properties concerning congruence-distributive algebras. 

Until mentioned otherwise, 9 shall be an arbitrary but fixed congruence of A. Let us consider the functions 
uq : Con(Vl) —>■ Con(Vl/0) and vq : Con(Vl) —>■ [6), defined by: for all a G Con(Vl), UQ{a) = (a V 6)/6 and 
Vff{a) = a W 9. 

Lemma 4.1. (i) ug and vg are bounded lattice morphisms; 

(a) the first diagram below (in the category of bounded distributive lattices) is commutative, and hence the 
second diagram below (in the category of Boolean algebras) is commutative; since sg is a bounded lattice 
isomorphism (see Section W, it follows that B{sg) is a Boolean isomorphism: 

Con(A)-^^^Con(A/6») S(Con(A))-^^^^S(Con(^/6»)) 



Proof. Straightforward. □ 

Lemma 4.2. The following are equivalent: 

(i) 9 C Rad(Vl) and 9 G S(Con(Vl)); 

(ii) 9 = A^. 
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Proof. (|Iil)=>(|I|): Obvious. 

(|II=^(|II1): Assume that 0 C Rad(A) and 0 G S(Con(A)). The fact that 0 G S(Con(A)) means that there exists 
(j) G Con(A) such that 0 Cl cj) = and 0 M f) = V^. Now the fact that 0 C Rad(A), that is 0 C fj, for all 
/r G Max(Con(^)), shows that (j)\J ^ = V^, for all /i G Max(Con(A)). Assume by absurdum that (j) ^ V^. 
Then C /i for some ^ G Max(Con(A)), according to Lemma We get that = 0V(/)C/iV/r = /i, a 
contradiction to fi G Max(Con(A)) C Con(A) \ {V^}. Thus 4> = V^, hence 0 = 0 r\ = d O (^ = A^. □ 

Corollary 4.3. If 0 C Rad(A), then B{uq) and B{vq) are injective. 

Proof. Since sq is a bounded lattice isomorphism, it follows that B{sq) is a Boolean isomorphism. Now Lemma 
HU (El), shows that B{vg) is injective iff B{uq) is injective. Let a G B(Coii(A)) such that B(vg)(a) = 0, that is 
a V 0 — 0, so that a C 0 C Rad(A). Thus a G S(Con(.4)) and a C Rad(A), hence a = A^ by LemmaThe 
fact that B(vq) is a Boolean morphism now shows that B{vq) is injective. □ 

Definition 4.4. We say that 0 has the Congruence Boolean Lifting Property (abbreviated CBLP) iff B{uq) is 
surjective. 

Remark 4.5. As shown by Lemma HTTl (pl|) . since B{sq) is bijective, we have: 0 has CBLP iff B{vq) is surjective. 

Furthermore, according to Corollary 14.31 if 0 C Rad(^), then we have: 0 has CBLP iff B{uq) is bijective iff 
B{vq) is bijective. 

Remark 4.6. Obviously, ve is surjective, because, for any tp G [0) G Con(A), vg{tp) = ijjM 0 = tp. 

Definition 4.7. Let C Con(.4). We say that A has the Ll-Congruence Boolean Lifting Property (abbreviated 
Ll-CBLP) iff every oj G fl has CBLP. We say that A has the Congruence Boolean Lifting Property (CBLP) iff 
A has Con(A)-CBLP. 

The definition of CBLP is inspired by a property in [2 Lemma 4]. 

Proposition 4.8. (i) lf[0) G S(Con(A)), then each (p G [0) has CBLP and fulfills B{Goti{A/ (p)) = GoTi{A/(p). 

(ii) If B{Gon{A)) = Con(yl), then A has CBLP and, for each (p G Con(A), B{Gon{A/(p)) = Gon{A/(p). 

Proof. E Assume that [0) C S(Con(yl)), and let (p G [0), so that [<p) G [0) C B(Con(A)). Let 7 G B{Gon{A/(p)). 
Then 7 G Gon{A/(p), so 7 = a/cp, for some a G[(p) G S(Con(7l)), thus 7 = a/(p = {ay(p)/(p = u,j,{a) = B{U(i,){a). 
Therefore B{Goii{A/(p)) G B{u,j)){B{Gon.{A))) G Goo{Ai/(tf) G B{Gon{A/(p)), hence B{u^){B{Gon{A))) = 
B{Gon{A/(p)) = Go\).{A/(p), thus (p has CBLP. 

(pl|) This statement can be derived from Remarks 14.61 and 14.51 but it also follows from E , by the fact that 
Con(A) = [A^). □ 

Remark 4.9. A^ and have CBLP. For A^, we can apply Remark 14.51 and the fact that A^ C Rad(A), or 
we can notice that [A^) = Con(7l) and vaa f^e identity of Con(A), thus it is a bounded lattice isomorphism, 
hence B{vaa) is a Boolean isomorphism, so it is surjective, thus A _4 has CBLP. For we can apply Proposition 
14.81 El or simply notice that [V^) = {V^}, thus i3([V^)) = {V^}, hence B{vy^) is surjective, thus has 
CBLP. 

In what follows, the complementation in the Boolean algebra S(Con(.4)) shall be denoted by -i, and, for 
every (p G Con(A), the complementation in the Boolean algebra B{[(p)) shall be denoted by -i^. Notice that 
0/0 = A_A/g and Va/ 0 = ^A/e- 

Remark 4.10. If 0 G Max(.4), then the following hold: 

• [^) = {ct G Con(7l) \ 0 G a\ = {0, V^}, with 0 ^ V^i, thus [d) is the two-element chain, which is a 
Boolean algebra, so B{[0)) = [0) = {0, V^}; 

• Goo.{A/0) = { 01/0 I a G [0)} = {0/0, V^/0}, with 0/0 VaI0j because sg is injective (see Section [E; 
thus Con(7l/0) is the two-element chain, which is a Boolean algebra, thus 6(Con(7l/0)) = Con(7l/0) = 
{0/0,V^/0}. 


10 


Remark 4.11. B{[ 6 )) = {0,V^} iff B[Con{A/9)) = {9/9 ,S/a/9}. Indeed, since sq is a bounded lattice 
isomorphism (see Section [2]), it follows that B[sq) : B{Con{A/9)) B{[9)) is a Boolean isomorphism, whose 

inverse is Therefore B{[9)) = B{s 0 ){B{Con{A/9))) = { 5 ^( 0 ;) | a € S(Con(^/d))} and 6(Con(./I/d)) = 

B{s 0 ^){B{[ 9 ))) = {s^^(a) I a e 6([0))}, hence the equivalence above. 

Lemma 4.12. (i) If 9 € Spec(.4), then B{[9)) = {6>, V^} and B{Con{A/9)) = {6*/0,V^/0}. 

(ii) If9€ Max(.4), then B{[9)) = {9 ,Va} and B{Con{A/9)) = {9/9 ,Wa/9}. 

Proof. (0) Assume that 9 G Spec(A). Let a G B{[9)) and denote /3 = ^ga. Then aCi fi = 9, thus a fl /3 C 0, 
hence a C 0 or /3 C 0 since 0 is a prime congruence. But a,f3G [0), that is 0 C a and 9 C (3. Therefore a = 0 or 
P = 9. If /3 = 0, then a = = ^$9 — Va. Hence B{[9)) C {0, V_ 4 }. But, clearly, {0, V _4 C B{[9))}. Therefore 

B{[9)) = {0,V^}. Hence ,B(Con(A/0)) = {0/0, V^/0} by Remark itlH 

(Ini) This is nart of Remark 14.101 but also follows from (HI) and Lemma m (0. □ 

Lemma 4.13. (i) If B{[9)) = (0, V^}, then 9 has CBLP. 

(ii) If B{Con{A/9)) = (0/0, V^/0}, then 9 has CBLP. 

Proof. 0 Assume that B{[9)) = (0, V^}. Since, clearly, A^, G i3(Con(A)), it follows that B{vQ){B{Con{A))) 3 
B{v 0 ){{Aa,Va}) = {v 0 {AA),V 0 iVA)} = {A^V0,V^ V0} = {0,V^} = S([0)), thus B(u 0 )(S(Con(A))) = 
B{[9)), that is B{v 0 ) is surjective, so 0 has CBLP. 

® By 0 and Remark 14. Ill □ 

Proposition 4.14. (i) Any prime congruence of A has CBLP. 

(ii) Any maximal congruence of A has CBLP. 

Proof. 0 By Lemma [4. 121 0, and Lemma 14. 131 

® By 0 and Lemma [121 01 ) ■ □ 

Lemma 4.15. B(Con(A)) C IC{A). 

Proof. Let p G B(Con(A)). Then p = Cg{p) = \J Cg{a,b), pC^p = Aa and pv ^p = V^, so, by the 

{a,b)G(p 

hypothesis (H), there exists a finite set A C ^ such that Cg{X) V -'p = Va. But then Cg{X) C p, thus 
Cq(X) n-iib C pC\^p = A^, hence we also have Cq(X) n -k/ = A^. Therefore CqiX) = - 1-1 id = (/, so 
p = Cg{X) G X{A), hence -B(Con(A)) C X{A). □ 

Corollary 4.16. U 0 {X{A)) =X{A/9). 

Proof. By Lemma 12.41 both inclusions hold. □ 

Proposition 4.17. (i) If B{Coii{A)) = X{A) and B{Con{A/9)) = X{A/9), then 9 has CBLP. 

(ii) If every non-empty algebra M from C has 6 (Con(A/")) = X{N), then every non-empty algebra from C has 
CBLP. 

Proof. 0 If A and A/9 are such that their Boolean congruences coincide to their compact congruences, then, 
by Corollarv l4.16l B{Con{A/9)) = }C{A/9) = u^(/C(A)) = U 0 {B{Con{A/ 9 ))) = 6(u^)(i3(Con(A/0))), thus 0 has 
CBLP. 

m If every non-empty algebra Af from C has B{Con{Af)) = JC{Af), then i3(Con(A)) = X{A) and, for each 
p G Con(A), B{Con{A/p)) = X{A/p), hence, according to 0, each p G Con(A) has CBLP, that is A has 
CBLP. Since A is an arbitrary non-empty algebra from C, it follows that every non-empty algebra from C has 
CBLP. □ 

Corollary 4.18. Any bounded distributive lattice has CBLP. 
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Proof. By Proposition 14.171 and the fact that, if is a bounded distributive lattice, then, according to [3J p. 

n 

127], B{Con{A)) = {V Cg{ai,bi) \ n G N*, (Vi G T;^) (a„ G A)] = K.{A). □ 

i=l 

Remark 4.19. In bounded non-distributive lattices, the CBLP is neither always present, nor always absent. 
Indeed, let V be the diamond and V be the pentagon, with the elements denoted as in the following Basse 
diagrams: 



1 Vp 



V V Con(R) Con(P) Vh 

Let us denote, for any set M and any partition tt of M, by eq{'K) the equivalence on M which corresponds 
to tt; also, if tt = {Mi,..., M„} for some n G N*, then we shall denote by eq{Mi,..., Mn) = eq{-K). 

The well-known fact that the classes of a congruence of a lattice L are convex sublattices of L make it easy 
to prove that Con(I?) = (Ax), Vu}, which is isomorphic to the two-element Boolean algebra, £ 2 , and Con(P) = 
(A-p, a, /3, 7 , V-p}, where a = eq{{Q, y, z}, {a:, I}), /3 = eq({0, a:}, {y, z, 1}) and 7 = egdO}, {a;}, {y, z}, {!}), with 
the lattice structure represented above. 

Thus S(Con(T>)) = Con(X>) = {Ax),Vx)}, hence V has CBLP by Remark [4.91 The lattice structure of 
Con('P) is the one represented above. By Remark [4.91 A-p and Vp have CBLP. [a) and [/3) are isomorphic 
to the standard Boolean algebra, £ 2 : [a) = (a, Vp} and [/3) = {/3, Vp), thus B{[a)) = [a) = (a, Vp) and 
B{[f3)) = [/3) = 1,5, Vp}, hence a and /3 have CBLP by Lemma [4. 131 (0. But P /7 is isomorphic to the four- 
element Boolean algebra, £ 2 , which, being a finite Boolean algebra, is isomorphic to its congruence lattice, so 
Con(P/ 7 ) is isomorphic to £|, thus B{Con{V/j)) = Con{'P/j) is isomorphic to £ 3 , while the lattice structure of 
Con(P) shows that B{Con{V)) = (Ap, Vp}, which is isomorphic to £ 2 , thus B(uj) : B{Con{'P)) B{Con{'P/^)) 
can not be surjective, which means that 7 does not have CBLP. Therefore V does not have CBLP. 


Now let us recall some definitions and results from [161 Chapter 4] and [5l Chapter IV, Section 9] concerning 
discriminator varieties. The discriminator function on a set A is the mapping t : ^ A dehned by: for all 


o, 6, c G A, 


t{a, b, c) 


a, a a ^ &, 
c, if a = b. 


A discriminator term on the algebra A is a term from the first order language associated to r with the property 
that t'^ is the discriminator function on A. The algebra A is called a discriminator algebra iff there exists a 
discriminator term on A. An equational class P is called a discriminator equational class iff it is generated by a 
class of algebras which have a common discriminator term (equivalently, iff the subdirectly irreducible algebras 
from V have a common discriminator term). 


Proposition 4.20. [16] Let P be a discriminator equational class and A be an algebra from P. Then: 


• A is an arithmetical algebra; 


• any compact congruence of A is principal; 

• any principal congruence of A is a factor congruence. 


Corollary 4.21. All non-empty algebras from a discriminator equational class which satisfy (H) have CBLP. 

Proof. Let £> be a discriminator equational class and A be an algebra from P which satisfies (H). Then, by 
Proposition 14.201 A is an arithmetical algebra, thus its set of factor congruences coincides to 6(Con(A)), hence 
IC{A) C 6(Con(A)). By Lemma 14.151 the converse inclusion holds, as well. Therefore S(Con(A)) = A(A), so A 
has CBLP by Proposition |4T3 □ 
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Remark 4.22. Among the discriminator equational classes with all members satisfying (H), there are important 
classes of algebras of logic such as: Boolean algebras, Post algebras, n-valued MV-algebras, monadic algebras, 
cylindric algebras etc.. Recently, in m, it has been proven that Gbdel residuated lattices form a discriminator 
equational class. By Corollary 14.211 it follows that all the algebras in these classes have CBLP. 

From here until the end of this section, 9 shall no longer be fixed. 

For any 9 G Con(A), we shall denote by V{9) = {tt G Spec(A) | C tt} and by D{9) = Spec(A) \ F(6>). 
Lemma 4.23. Let cr,r G Con(A), I be a non-empty set and (9i)i^j C Con(A). Then: 
ft) V{a) = 0 iffD{a) = Spec(A) iff a = Va; 

(a) V(a) = Spec(A) iff D{a) iff a = A^; 
ftii) F(ct n r) = V{a) U Vftr) and D{a fl r) = D{a) fl D{t); 
ftv) F(V 9ft = fl V(9ft and D{y 9ft = (J D{9ft; 

i&I i&I i&I i€l 

(v) V{a) c V{t) iff D(a) D D{t) iff a 2 t; 

(vi) V{a) = V{t) iff D (a) = D{t) iff a = t; 

(vii) {D{9) I 0 G Con(A)} is a topology on Spec (A). 

Proof. (0) D{a) = Spec(A) iff F(cr) = 0 iff cr = V^, according to Lemma (0 and ([iil. 

(10 By Lemma [101 ([ml), f tt = A^. D{a) = 0 iff V{cr) = Spec(A) iff cr C tt for all tt G Spec(A) iff 

7rGSpec(.4.) 

O’ C f TT = AyV iff CT = A_4. 

7rGSpec(w4) 

(Iml) Every tt G Spec(A) satisfies: tt G F(ct) U F(t) iff ct C tt or r C tt iff cr fl r C tt iff tt G F(cr fl r). Thus 
F(cr n t) = F(cr) U F(r), hence D{a fl r) = D{a) fl D{t). 

(ir^ Every ft G Con(A) satisfies: ft G n V{9ft iff, for all * G /, C (/) iff ^ C 0 iff (/) G F(\/ 9ft. Thus 

zG/ zG/ zG/ 

V{\J 9ft = f V{9ft, hence D{\J 9ft = (J D{9ft. 

i&I iGl i&I iGl 

(H) D{a) 2 D{t) iff F(cr) C F(r). cr C r clearly implies F(cr) C V{t). t G F(t), therefore F(cr) C V{t) implies 
T G F(cr), that is cr C T. 

(jvil) By (jvj). 

(jvn]) By 0, ([0, (jm]) and ([10. □ 

Lemma 4.24. Let a,T G Con(A). Then: D{a) = Vftr) iff u.t G Z?(Con(A)) and t = ^a. 

Proof. By Lemma 14.231 0, (|0, ([10, ([10 and (|01), the following hold: D{a) = V{t) iff D{(j) = Spec(A) \ Dftr) 
iff D{(j) U Dftr) = Spec(A) and D{a) fl Dftr) = 0 iff D{a V t) = DftV a) and D{a fl r) = Il(A^) iff cr V r = 
and cr n T = A^ iff cr, r G R(Con(A)) and t = -<a. □ 

Lemma 4.25. The set of the clopen sets of the topological space (Spec(A), {D{9) \ 9 G Con(A)}) is {V{a) \ a G 
B(Con(A)})). 

Proof. The set of the closed sets of the topological space (Spec(A), {D{9) | 9 G Con(A)}) is {V(9) \ 9 G Con(A)}). 
Hence a subset S C Spec(A) is clopen in this topological space iff S' = D(cr) = V{t) for some cr, r G Con(A), 
which is equivalent to cr, t G H(Con(A) and r = -icr according to Lemma [4.241 Hence, by Lemma [4.241 S is 
clopen iff S = V{t) for some r G S(Con(A). □ 

We recall that a topological space (A, 7”) is said to be strongly zero-dimensional iff, for every U,V G ff such 
that X = U LiV, there exist two clopen sets C and D of (A, T) such that CGU,DCV,CC\D = % and 
CVJD = X. 
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Note 4.26. The equivalence between statements ([!]) and (jn]) in the next proposition is implied by [5J Lemma 4] 
in the particular case when the intersection in Con(.4) is completely distributive with respect to the join, but, 
for the sake of completeness, we shall provide a proof for it in our setting. 

Proposition 4.27. The following are equivalent: 

(i) A has CBLP; 

(a) the lattice Con(.4) is B-normal; 

(Hi) for any n G N* and every ..., G Con(yl) such that </>! V ... V there exist Oi,..., G 

B{Gon{A)) such that oi fl... fl and t/fi V oi = ... = </)„ V 

(iv) for every </), V’ G IC{A) such that (j) \/ -ip = V^, there exist a,fiG i3(Con(.4)) such that aD fd = and 
tpV a = Ip V P = V^; 

(v) for any n G N* and every cpi,... ,(pn G IC{A) such that V ... V there exist oi,...,G 

i3(Con(.4)) such that Oi D ... fl = A _4 and V oi = ... = (/)„ V = V^; 

(vi) the topological space {Spec{A), {D{0) \ 9 G Con(yl)}) is strongly zero-dimensional. 


Proof. (|Il)=^>(Inl): Let (p,ip € Con(.4) such that (pHtp = V^. Denote v = : S(Con(.4)) —^ B{\(p\J %p)). By 

Remark 14.51 the Boolean morphism v is surjective. (p,ip & B{[(p\/ tp)), because pj is the complement of (p in the 
lattice [(p V pi), that is %p = “’(^vi/;) 4>- Thus there exists a G B{A) such that otM (gpGpi) = v(a) = (p = P’^ 

hence p: = “'( 0 vi/)) 4> = ~'{ 4 >vtp) v{a) = v{->a) = -la V (0 n p:). Therefore (pV -< a = a V {p: Ci (p) V -< a = 
{p: r\ (p) V a V -I a = {p: r\ pi) V Va = Vyi, '0Va = -iaV((^n'0)Va=((^n'0)VaV-'a = ((^n'!/')V 
and, of course, aC\^a = Aa- So Con(.4) is B-normal. 

(|n|=4»(lll): Let 9 G Con(.4) and let us denote by u = B{vg) : S(Con(^)) —>• B{[9)). Let p) G B{[9)), so that there 
exists pj G Con(yl) such that piW p: = Va and p> Apj = 9, that is V' = “'6» P>- Since piV pj = Va and Con(^) 
is B-normal, it follows that there exist a,/3 G 6(Con(^)) such that a Ci P = Aa and aVp> = pvpj = V^. 
Then 9 V a = {piGp)) V a = (p) V a) H {p: V a) = Va G {p> V a) = pj V a. aCi P = Aa in the Boolean algebra 
6 (Con(^)), thus P < ^a, so, since P V p: = Va, it follows that = P V pj < ^ a V p:, hence pj = Va- 
Therefore a = a fl (-i a V -0) = (a fl -i a) V {a (Ip:) = A _4 V (a fl V') = Qf n '0, thus a<pj,sopjVa = p:. Hence 
0Va = 0Va = '0, so that v{a) = 9 W a = p:, thus v{-< a) = via) = ^g p: = p). Hence v is surjective, that is 9 
has CBLP. Therefore A has CBLP. 

(Iiil)^(ll3): Trivial. 

(Iivl)=>(Inl): Let 0,0 G Con(^) such that p>\/ pj = Va- Since the lattice Con(^) is algebraic, it follows that there 
exist (0i)ie7 C IC{A) and C ICiA) such that p)=\J p)i and p: = \l 0j, thus \J p)ii \/ p’j = V a- Since 

ie/ jeJ i&i j&J 

VA compact, it follow^s that there exist Lq C I and Jq C J such that Lq and To are finite and (p-i V V = 

i&h j&Jo 

Va- Let p)o = \l p)i and p^o = \J p’j- Then 0o V 0o = and, clearly, 0O)0o G K-iA). It follows that there 

le/o jciJo 

exist a,PG fi(Con(.4)) such that a C /3 = Aa and 0o V a = 0o V /3 = V^. Since, obviously, p>o Q P> and pjQ C 0, 
we obtain p)\/ a = p: V P = Va- 
dmll^dill): Trivial: just take n = 2. 

(|iil)^(|ui]): Assume that the lattice Con(yl) is B-normal, and let n G N* and 0i,...,0„ G Con(A) such that 
01 V ... V 0„ = V^. Then, by [6l Proposition 12], it follows that there exist /3i,...,/3„ G i3(Con(yI)) such 
that 01 V ... V /3n = Vyi, Pi n Pj = A^ for all i,j € l,n with i j and 0i A 0j for all i G l,n. For all 
i € 1, n, let Oj = -1 G H(Con(A)). Then ai n ... C a„ = -> (0i V ... V 0„) = -< V^i = Aa and, for all i € 1, n, 
p>iV ai> piV ai = PiV ^Pi=VA, thus pgV ai = V^. 
m =4>(lr^: Trivial: just take n = 2. 

(Eil^llvl) : We apply induction on n G N*. For n = 1, we have 0i = V^. We may take ai = A^ G H(Con(A)), 
and we get 0i V ai = Va V A^ = V^. 
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Now assume that the statement in Q is valid for some n € N*, and let (/>i,... ,(/>n+i G K.{A) such that 
</>! V ... V (jin+i = V^. Then V ... V </>„ G 1C{A) and (</>! V ... V V (jin+i = V^, so, by the hypothesis (E^), it 
follows that there exist a, /3 G S(Con(^)) such that a n /3 = A^, V /3 = and (c^i V a) V ... V V a) = 
01 V ... V V a = V^. Then a G K.{A) by Lemma 14.151 hence 0i V a,..., 0„ V a G JC{A), thus, by the 
induction hypothesis, it follows that there exist 71 ,... , 7 „ e S(Con(yl)) such that 71 fl ... n 7 „ = and 
01 VaV 7 i = ... = 0„ Vq;V 7 „ = V^. Let a„+i = /3 G 6 (Con(^)) and, for all i G 1, n, Oi = a V 7 i G S(Con(^)). 
Then, for all z G 1, n + 1, 0i VOi = V^, and oi fl... nOn+i = (a V 71 ) n (a V 7 „) fl0 = [a V (71 fl... n 7 „)] n0 = 
(a V A^) n 0 = a n 0 = A^. 

(in|=^(|vil: Let U,V G {D{9) \ 6 G Con(^)} such that UUV = Spec(^), that isU = D{a) and V = D{t) for some 
cr, r G Con(7l) such that D{Va) = Spec(.4) = D{a)LiD{T) = D{<7\/t), which means that crVr = V^, according to 
Lemma ll.23l ([1]), (0 and d^. Since the lattice Con(^) is B-normal, it follows that there exist a, /3 G ;B(Con(y4)) 
such that a n /3 = A^ and aVT = /3Vcr = V^, hence /3 C -1 a and thus -i a V cr = V^. We have obtained 
Q!VT = -iaVcr = V^, thus -1 a C r and a = -i -i a C cr, therefore D{-^ a) C D{t) = V and D(a) C D((t) = U, 
by Lemma 14.231 (jyj). By Lemma 14.231 (|i]), ([iil), (jm)) and (Ir^ . D(a) H D{—>a) = D{a H -la) = D{Aa) = 0 and 
D{a) LlD{-ya) = D{a\J -^a) = i4(V^) = Spec(^). By Lemma [4.251 D{a) and D{^a) are clopen sets of the 
topological space (Spec(^), {D{9) \ 9 G Con(^)}). Therefore this topological space is strongly zero-dimensional. 
(El) =^(1111): Let a,T G Con(^) such that aVT = V_ 4 . Then D{a) U D{t) = D{a V r) = D(Va) = Spec(.4), 
according to Lemma [4.231 (fr^ and jil) . By the hypothesis of this implication and Lemma l4.25l it follows that there 
exist a, 0 G S(Con(^)) such that L>(a) C D(a), D{(i) C D[t), D{a) PI D{f3) = 0 and D{a) U D{I3) = Spec(.4). 
Then D{a) U D(t) = D{I5) U D{a) = Spec(^). By Lemma 14.231 (0, 01, dml, (jI0) and (jyil, it follows that 
D{a n /3) = D{Aa) and D{a V r) = D{f3 V cr) = £)(V_ 4 ), thus a fl 0 = A _4 and aV t = P V a = V^, hence the 
lattice Con(^) is B-normal. □ 

Corollary 4.28. A has CBLP iff, for all 9 G Con(7l), A/9 has CBLP. 

Proof. Assume that A has CBLP, which means that A is B-normal, according to Proposition 14.271 Let 9 G 
Con(7l). Let us prove that the lattice [0) is B-normal. So let 0,0 G [0) such that 0 V V' = V^. Then, since 
A is B-normal, it follows that there exist a,l3 G 6(Con(7l)) such that cr n 0 = A^ and 0Va = '0V0 = V^. 
Let us consider the Boolean morphism B^vq) : 6(Con(7l)) — B{[9)). We have: B{vQ){a),B{vQ){l3) G B{[9)), 

BivQ){a)nBivgm = BivgKanp) = BivQ){AA) = 9, B{vQ){4>)yB{vg){a) = B{vQ){</ya) = B{vq){Va) = ^A 
and B{vQ){tp)VB{v0){f3) = i5(v^)('0V0) = B(vo)('Va) = V^, hence the lattice [0) is B-normal. Since the lattices 
Con(A/9) and [0) are isomorphic, it follows that Con(A/9) is B-normal, hence A/9 has CBLP, according to 
Proposition 14.271 For the converse implication, just take 9 = A^, so that A/9 = A/Aa is isomorphic to A. □ 

n 

Corollary 4.29. Let n G N*, Ai ,..., be algebras and A = Then: A has CBLP iff, for all i G l,n, 

2—1 

Ai has CBLP. 

n n 

Proof. By Lemma [2Tl (ilu)) . Con(A) is isomorphic to J^Con(Ai). By [ 6 l Propositions 12 and 13], JJCon(Ai) 

_ i=l i=l 

is B-normal iff, for all z G l,n, Con(7li) is B-normal. By Proposition 14.271 we obtain that: A has CBLP iff 
Con(A) is B-normal iff, for all z G 1, rz, Con(ylz) is B-normal, iff, for all z G 1, n, Ai has CBLP. □ 

In the following results, we shall designate most lattices by their underlying sets. 

Remark 4.30. It is well known and straightforward that, if L is a lattice. S' is a sublattice of L and 9 G Con(L), 
then 0 n S^ G Con(S). 

Remark 4.31. Let L be a lattice with 1 and M be a lattice with 0. We shall denote by L -j- M the ordinal 
sum between L and M. Let c be the common element of L and M in the lattice L -j- M. Using a notation from 
Remark [4.191 for any 0 G Con(L) and any 0 G Con(M), we shall denote by 0 + 0 = eq{{L/(j) \ c/(j)) U {c/0 U 
c/0} U (M/0 \ c/0)). 

(i) Then Con(L + M) = {0 -j- 0 | 0 G Con(L), 0 G Con(M)}. 

Indeed, it is straightforward that, for any 0 G Con(L) and any 0 G Con(M), we have 0-1-0 G Con(L-i-M), 
and the fact that L + M has no other congruences follows from Remark 14.301 


15 





























(ii) It is easy to notice that (L + M)/{Al + Vm) — L and {L + M)/(Vi, + Am) — M. 

(iii) It is immediate that, for all a,(j) € Con(L) and all /3, € Con(M), a-\-pC(j) + (j)iSaC(j) and (3 C tp iS 

a X /3 C (j> X ijj, which, together with the form of Con(L -j- M) established above, shows that the mapping 

^-t/jx^/jisan order isomorphism, and thus a bounded lattice isomorphism between Con(L + M) 
and Con(L x M), which, in turn, is isomorphic to Con(L) x Con(M) by Lemma l2.ll (Im]) . From this 
and Proposition 13.21 (P, we deduce that the Boolean algebras i3(Con(L -j- M)), i3(Con(L x M)) and 
;B(Con(L)) X S(Con(M)) are isomorphic. 

In what follows, we shall keep the notations from this remark. 

Corollary 4.32. (i) The lattice of congruences of any ordinal sum of finite lattices which are either distribu¬ 

tive or isomorphic to the diamond is a Boolean algebra, hence any such ordinal sum has CBLP (regardless 
of whether it is finite). The lattice of congruences of any direct product of finite lattices which are either 
distributive or isomorphic to the diamond is a Boolean algebra, hence any such direct product has CBLP 
(regardless of whether it is finite). 

(ii) If L is a lattice with 1, M is a lattice with 0, and L + M has the CBLP, then both L and M have the 
CBLP. 

(iii) Any ordinal sum of bounded lattices which contains the pentagon does not have the CBLP. 

Proof. P As we have seen in Remark [4.19l Con(X>) is isomorphic to the two-element Boolean algebra. According 
to a result in [3], the lattice of congruences of any finite distributive lattice is a Boolean algebra. By Remark 
II3I1 (juil) . it follows that, if L is an ordinal sum of finite lattices which are either distributive or isomorphic to 
V, then Con(L) is a Boolean algebra, that is B{Con{L)) = Con(L), hence L has CBLP by Proposition [3^ p|). 
and the same holds if if L is a direct product of finite lattices which are either distributive or isomorphic to 22. 
PI) By Corollary 14.281 and Remark l4.311 El 

(lull) By pj and Remark 14.191 in which we have shown that V does not have CBLP. □ 

Remark 4.33. If a lattice has CBLP, then its sublattices do not necessarily have CBLP. To illustrate this 
property, we provide an example of a non-modular lattice with CBLP. Let E be the following bounded non¬ 
distributive lattice, in which V is embedded; we know from Remark 14.191 that V does not have the CBLP. 

1 

Ye 


E Con{E) 

By using Remark 14.301 and the calculations in Remark 14.191 it is easy to obtain that, if we denote by e = 
e( 7 ({ 0 }, {a}, {b, d}, {c}, {1}), then Con(i?) = {A^;, e, V e}, which is isomorphic to the three-element chain (hence 
B{Con(E)) = {Ab, V^;} is isomorphic to the two-element Boolean algebra, but we do not even need its form). By 
Remark|T9l Ae and Vb have CBLP. Eje is isomorphic to 22, hence, bv Remark l4.191 Con(i?/e) = {A^;/^, 
which is isomorphic to the two-element Boolean algebra, thus BiConiEje)) = Con(£'/e) = {A^/g, hence 

e has CBLP by Lemma [4. 121 p|) . 

Corollary 4.34. If an algebra has CBLP, then its subalgebras do not necessarily have CBLP. 

Remark 4.35. Let 6 G Con(A). Then the inequality of cardinalities |i3(Con(yl/0))| < |S(Con(yl))| does not 
imply the surjectivity of B{ue), that is it does not imply that 9 has CBLP. 

Indeed, let Z be the ordinal sum between P and the two-element chain. £ 9 . which, as Corollary 14.321 PH), 
ensures us, does not have CBLP: 
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The congruences of Z are easy to calculate by using Remark 14.311 0 , the calculations in Remark 14.191 and 
the fact that the finite Boolean algebra £2 is isomorphic to its lattice of congruences: Con(£ 2 ) = € 2 }'- 

Con{Z) = {A2,Ci,C 2,C3,C4,C5,C6,C7,C8, Vz}, where Ci = eq{{0,x,y,z,u},{l}), C 2 = eg({0}, {x}, {y}, {z}, 
{m, 1}), Ca = e(?({0},{a:},{j/,z},{'u},{l}), (4 = eq{{Qi},{x},{y,z},{u,l}), Cs = eq({0, j/, z}, {x, u}, {!}), Ce = 
eg({0, x}, {y, z, u}, {!}), C? = eq({0, 1 /, z}, {x, u, 1}) and ^8 = eg({0, x}, {y, z, u, 1}), with the lattice structure 
represented above. Therefore 6(Con(Z)) = {Az, Cii C 2 ) Vz}, which is isomorphic to the four-element Boolean 
algebra, C^- Now let us look at the congruence ^ 4 - ZjC^j^ is isomorphic to hence it is isomorphic to its lattice 
of congruences: Con(Z/C 4 ) = B(Con(Z/C 4 )) = {Az/C 4 , C, C, VZ/C 4 }, where i = e( 7 ({ 0 /C 4 , a:^/C 4 }, { 2 //C 4 , 1 /C 4 }) 
and C = e9({0/C4,2//C4}i {2^/C4i 1/C4})- Thus 6 (Con(Z/^ 4 )) is isomorphic to B{Con{Z)). Let us calculate 
in each element of S(Con(Z)): 6(u^J(Az) = B{uc_^){Vz) = z) = ^zKa-. 

5('«C4)(Ci) = wc4(Ci) = (Cl V C4)/C4 = Vz/C4 = Vz/C 4 and B{u^^)iC 2 ) = ^^{( 2 ) = (C 2 V C4)/C4 = C 4 /C 4 = ^z/C 4 ^ 
hence S(u^ 4 )(S(Con(Z'))) = {Az/(^^,Vz/cA S(Con(Z/^ 4 )), so B{uq^) is not surjective, which means that ^4 

does not have CBLP. 


We say that A is local iff it has exactly one maximal congruence. 

Corollary 4.36. If the algebra A is local, then the lattice Con(./l) is Id-local. 

Proof. Assume that A is local and let 9 be the unique maximal congruence of A. Let a, /3 € Con(yl) such that 
a V /3 = V^. Assume by absurdum that a ^ and /3 V^. Then, according to Lemma 0, it follows 

that a C 6 and fi Q 9, thus a W fi C 9, which is a contradiction to the choice of a and /3. Hence a = or 
^ = Va- □ 

Lemma 4.37. Any Id-local lattice is B-normal. 

Proof. By Lemma [2.61 □ 

Corollary 4.38. Any local algebra has CBLP. 

Proof. Assume that A is a local algebra. Then, by Corollary 14.361 Lemma [4.371 and Proposition 14.271 it follows 
that Con(A) is Id-local, thus it is B-normal, hence A has CBLP. □ 

Corollary 4.39. Any finite direct product of local algebras has CBLP. 

We recall that a normal algebra is an algebra whose lattice of congruences is normal. 

Remark 4.40. • Any algebra with CBLP is a normal algebra. 

• Any local algebra is a normal algebra. 

• Any bounded distributive lattice is a normal algebra. 

The first statement follows from Proposition 14.271 while the second follows from the first and Corollary 14.381 
and the third follows from the first and Corollary 14.181 

Lemma 4.41. Let 9 G Con(A). If 9 V Rad(A) = V_ 4 , then 9 = Va- 
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Proof. Let 0 G Con(^) such that 9 V Rad(yl) = V^. Since Rad(^) C ^ for all (j) G Max(^), it follows that 
0 V (/) = for all ^ G Max(^). Assume by absurdum that 0 is a proper congruence of A, so that 6 C (j)Q for 
some (fo G Max(^), by Lemma [2.21 (j!]). But then it follows that (j>o = 9 V 4>o = V^, which is a contradiction to 
the fact that (fo is a maximal, and thus a proper congruence of A. Therefore 0 = V^. □ 

Proposition 4.42. If A is a normal algebra, then Rad(.4) has CBLP. 

Proof. We shall consider the Boolean morphism : S(Con(yl)) —B([Rad(A))). Let ^ G ,B([Rad(A))), 

so that (fv Ip = and (pl^f’ = Rad(A) for some ip G Con(A). But the algebra A is normal, thus the lattice 
Con(A) is normal, hence there exist a, pi G Con(A) such that a fl /3 = and (pVa = ipvp = V^, thus 
aV PV (p = aV PV Ip = V^, so a V /3 V Rad(A) = aV PV {(pAip) = {aV P V (p) A {aV P V ip) = Va A = V^, 
hence aV/3 = by Lemma 14.411 We have obtained that aV/3 = and aA/3 = A^, thus a,/3 G B(Con(A)). 
(p = (p\/ A A = (pV (a A P) = {(py a) A {(py P) = A ((/)V/3) = py p. We obtain: “ /3VRad(A) = 

py (pHip) = {py p)ri{py p) = pn = p. Therefore '6(^j^ad(A)^ surjective, hence Rad(A) has CBLP by 
Remark 14.51 □ 

The following property generalizes property (*) for residuated lattices from m, [Si- 

Definition 4.43. We say that A satisfies the property (*) iff: for all 9 G Con(A), there exist a G 1C{A) and 
P G S(Con(A)) such that a C Rad(A) and 9 = ay p. 

Proposition 4.44. If A satisfies (*), then A has CBLP. 

Proof. Assume that A satisfies (*), and let p,p G JC{A) such that py p = Va- Condition (*) ensures us that 
p = ayp and p = yVJ for some a, 7 G IC{A) such that a C Rad(A) and 7 C Rad(A), and some PA G 6 (Con(A)). 
Then py 8 G i3(Con(A)) and /3V(5VRad(A) A ,9V(5VaV 7 = aypy^y 8 = pyp = V^, so /3V(5VRad(A) = V^, 
hence py 8 = by Lemma [4.411 Then -i/3,-ni G i3(Con(A)), -i/Sn-iJ = -'(/3V(5) = = A^, 

py ^ P = ay py ^ P = ay V a = '^A and '0V-'(5 = 7 V( 5 V -'(5 = 7 V = V^. By Proposition |422l it follows 
that A has CBLP. □ 


Proposition 4.45. A satisfies (*) iff, for all 9 G Coii(A), A/9 satisfies (*). 


Proof. Assume that A satisfies (*), and let 9 G Con(A). Let p G Con(A) such that 9 C p. Then there exist 
a G IC{A) and P G 6(Con(A)) such that a C Rad(A) and p = a y p. We obtain: p = py 9 = py 9 y 9, 
thus p/9 = {py 9 y 9)/9 = {ay 9 y P y 9)/9 = {ay 9)/9 y {P y 9)/9. Since P G 6(Con(A)), we have 
{py9)/9 = uq{P) = B{uq){P) G B{Co\i{A/9)), while (aV0)/0 G K,{A/9) by Corollary 14. 161 Finally, (aV0)/0 C 

(Rad(A) y 9)/9 = {{ n f)v9)/9c(( n c)vw»=( n ri/"- n yL/9 = Rad(A/0). 




Therefore A/9 satisfies (*). 

For the converse implication, just take 9 


fiGMax^A) 


^€Max(,.4.) 

fiDO 


/i.eMax(^) 

fj.D9 


= Aa, so that A/9 = A/Aa is isomorphic to A. 


□ 


Proposition 4.46. Let n G N* and Ai,... ,An be algebras such that A = Then: A satisfies (*) iff, for 

_ 1=1 

all i G l,n, Ai satisfies (*). 

Proof. Assume that, for all i G 1, n, Ai satisfies (*), and let 9 G Con(A). For all i Gl,n, let 9i = pri{9) G Con(Ai) 
by Lemma [2Tl Then, for each i G l,n, there exist ai G lC{Ai) and Pi G S(Con(Ali)) such that ai C Rad(A) 
and 9i = aiy Pi. Let a = oi x ... x an, /3 = /3i x ... x /3„. By ProDOsition l3.21 (jHI and ([i|, we have a G K.{A) and 
P G i3(Con(A)). Also, a = ai X ... X a„ C Rad(Ai) x ... x Rad(An) = Rad(A) by Lemmaand Proposition 
13.51 (P, and 0 = 0i x ... x 0„ = {ai V/3i) x ... x (a„ V Pn) = {ai x ... x a„) V {Pi x ... x /3„) = a V/3, by Lemma 
[Q (llill) . Therefore A satisfies (*). 

Now assume that A satisfies (*), and, for all i G l,n, let 0^ G Con(A)- Denote 0 = 0i x ... x 0„ G Con(A), 
by Lemma mu Then there exist a G /C{A) and P G S(Con(yl)) such that a C Rad(A) and 0 = a V /3. For each 
i G l,n, let Oj = prpa) and Pi = pr^P). By Lemma mU ProDOsition l3.2l (|u]) and 0, and Proposition [331 0i it 
follows that, for all z G 1, n, 0i = pri{9) = prpa V /3) = prpa) V prpP) = Oi V Pi, ai G IC{Ai), pi G ,B(Con(A)) 
and ai = prpa) C pri(Rad(Al)) = Rad(A)- Thus, for all i Gl,n, Ai satisfies (*). □ 
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5 CBLP Versus BLP in Residuated Lattices and Bounded Distribu¬ 
tive Lattices 

In this section, we recall some results on the Boolean Lifting Property (BLP) for residuated lattices and bounded 
distributive lattices, as well as the reticulation functor between these categories of algebras, and obtain new 
results, concerning the relationships between CBLP and BLP in these categories, and the behaviour of the 
reticulation functor with respect to CBLP. From these results it is easy to derive notable properties concerning 
the image of the reticulation functor. 

We refer the reader to m. i, m. [n], m, m, [29] for a further study of the results on residuated lattices 
that we use in this section. For the results on bounded distributive lattices, we refer the reader to [I], 0, m- 

Throughout this section, all algebras will be designated by their underlying sets. 

We recall that a residuated lattice is an algebra {A, V, A, 0, — ?>, 0,1) of type (2, 2, 2, 2,0, 0) such that {A, V, A, 0,1) 
is a bounded lattice, {A, 0,1) is a commutative monoid and every a, &, c G A satisfy the law of residuation: 
a < 5 — ^ c iff aQb < c, where < is the order of {A, V, A). The operation 0 is called product or multiplication, and 
the operation —>■ is called implication or residuum. It is well known that residuated lattices form an equational 
class. A Gddel algebra is a residuated lattice in which 0 = A. 

Throughout this section, unless mentioned otherwise, (A, V, A, 0, —>•, 0,1) shall be an arbitrary residuated 
lattice. We recall the definitions of the derivative operations -■ (the negation) and •<->■ (the equivalence or the 
biresiduum) on the elements of A: for all o, 6 G A, -ia = o —>■ 0 and a G)- 6 = (a ^ 6) A (6 —?> a). We also 
recall that, for all a G A and any n G N, we denote: a° = I and = a" 0 a. Next we shall recall some 

things about the arithmetic of a residuated lattice, its Boolean center, its filters and congruences, as well as the 
Boolean Lifting Property in a residuated lattice, and we shall prove several new results regarding these notions. 

Lemma 5.1. n, 0 , m, [m, m, m, m For any a, 5 G A, the following hold: 

(i) a —)• 6 = 1 iffa<b;a<r^b=l iff a = b; 

(ii) aQ {a ^ b) < b. 


A filter of A is a non-empty subset F of A such that, for all x,y € A: 

• A x,y € F, then x Qy £ F; 

• ii X € F and x <y, then y £ F. 

The set of the filters of A is denoted by Filt(A). (Filt(A), C) is a bounded poset, with first element {1} and 
last element A. Clearly, a filter equals A iff it contains 0. 

The intersection of any family of filters of A is a filter of A, hence, for any A C A, there exists a smallest 

filter of A which includes X; this filter is denoted by [A) and called the filter generated by X. For every a; G A, 

[{a;}) is denoted, simply, by [a;), and called the principal filter generated by x. Clearly, [0) = {1} = [1), while, 

for any 0 7 ^ A C A, [A) = {a G A | (3n G N*) (3a:i,... ,a:„ G A) (xi 0 ... 0 a:„ < a)} = {a G A | (Bn £ 

N) (3 a:i,..., G A) (xi 0 ... 0 a:„ < a)}, where we make the convention that the product of the empty family 
is 1. Thus, for any a: G A, [a:) = {a G A | [Bn £ N*) (x" < a)} = {a G A | (3n G N) (x" < a)}. We denote by 
PFilt(A) the set of the principal filters of A. 

For every F,G £ Filt(A), we denote by F V G = [F U G). Moreover, for any {Fi)i^i C Filt(A), we denote 
by \/ Fi = [(J Fi). (Filt(A), V, fl, {!}, A) is a complete bounded distributive lattice, orderred by set inclusion. 

ig/ ie/ 

PFilt(A) is a bounded sublattice of Filt(A), because {1} = [I), A = [0) and, for all x,y £ A, [x) V [y) = [xQy) 
and [x) n [y) = [x V j/). 

To every filter F of A, one can associate a congruence of A, defined by: for all x, y G A, x ?/ iff 
X y £ F. Let F be a filter of A. The congruence class of any x G A with respect to is denoted by 
x/F, and the quotient set of A with respect to is denoted by A/F. Residuated lattices form an equational 
class, thus A/F becomes a residuated lattice, with the operations defined canonically. We shall denote by 
Pf ■ A ^ A/F the canonical surjective morphism. Notice that I/F = F. For any x,y £ A, x < y implies 
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xjF < y/F, and xjF < yjF x ^ y € F. For any X C A, we denote by X/F = pf{X) = {x/F \ x G X}. 
We have: Filt(A/F) = {G/F \ G € Filt(A),F C G}. It is well known and straightforward that the function 
Ha '■ Filt(A) —>• Con(A), for all F G Filt(A), hA{F) =^f, is a bounded lattice isomorphism; hence the bounded 
lattice Con(kl) is distributive. 

By B{A) we denote the set of the complemented elements of the underlying bounded lattice of A, which, al¬ 
though not necessarily distributive, is uniquely complemented, and has B{A) as a bounded sublattice. Moreover, 
B{A) is a Boolean algebra. B{A) is called the Boolean center of A. 

If i? is a residuated lattice and f : A ^ B is a residuated lattice morphism, then f{B{A)) C B{B), thus, 
just as in the case of bounded distributive lattices, we can define B{f) : B{A) B{B) by: B{f){x) = f{x) for 
all X G B(A). Then B(f) is a Boolean morphism. Hence B becomes a covariant functor from the category of 
residuated lattices to the category of Boolean algebras. We believe that there is no danger of confusion between 
this functor and the functor B from the category of bounded distributive lattices to the category of Boolean 
algebras. 

Proposition 5.2. |17) Any residuated lattice is an arithmetical algebra and satisfies (H). 

Definition 5.3. m For any filter F of A, we say that F has the Boolean Lifting Property (abbreviated BLP) 
iff the Boolean morphism B{pf) ■ B{A) — B{A/F) is surjective; also, we say that ^^f has the Boolean Lifting 
Property (BLP) iff F has BLP. 

We say that A has the Boolean Lifting Property (BLP) iff each filter of A has the BLP (equivalently, iff each 
congruence of A has the BLP). 

Remark 5.4. [TT] For any filter F of A, B{A)/F C B{A/F) and the image of B(jpf) is B{A)/F, hence: F has 
BLP iff B{A)/F = B{A/F) iff B{A)/F D B{A/F). 

Lemma 5.5. [11] i5(Filt(H)) = {[e) | e € B{A)}. 

Let us define iA ■ A ^ Filt(H), for all x G A, iA{x) = [x). Clearly, iA is an injective bounded lattice 
anti-morphism between the underlying bounded lattice of A and Filt(H). Now let us define 5 (ja) : B{A) 
S(Filt(H)), for all e e B{A), B(iA)(e) = [e). 

Lemma 5.6. B(iA) is well defined and it is a Boolean anti-isomorphism. 

Proof. By Lemma [F31 B(iA) is well defined and surjective. Since Ia is injective, it follows that B{iA) is injective. 
Since Ia is a bounded lattice anti-morphism, B{A) is a bounded sublattice of A and S(Filt(H)) is a bounded 
sublattice of Filt(H), it follows that B{iA) is a bounded lattice anti-morphism between two Boolean algebras, 
thus B{iA) is a Boolean anti-morphism. Hence B(iA) is a Boolean anti-isomorphism. □ 

Now let {Fi)i(zi be a non-empty family of filters of A such that AG \J Fi, that is A = \J Fi, that is 

ie/ iGl 

0 G \J Fi = [(J Fi), which means that there exist n S N* and xi,..., G [J Fi such that xi Q ... & Xn <0, 

i€l i€l iel 

that is xi © ... O = 0. Then Xi G Fj ^,... ,Xn G Fj^^ for some ii,... ,in G I. So 0 = xi Q ... Q Xn G 
[F^^ U ... UFj^) = F^^ V ... VFj^, thus H = F^^ V ... V Fj^^, hence H C F^^ V ... VF^^. Therefore H is a compact 
element of the bounded distributive lattice Filt(H). Since Filt(H) is isomorphic to Con(H), it follows that is 
a compact element of the bounded distributive lattice Con(H), which means that A fulfills the hypothesis (H). 

Until mentioned otherwise, F will be a filter of A, arbitrary but fixed. We shall denote by 5f : Filt(H) —>■ 
Filt(H/F) the function defined by: for all G G Filt(H), dF{G) = (G V F)/F. 

Lemma 5.7. (i) For all a G A, ([a) V F)/F = [a/F). 

(ii) For all J,K G Filt(H) such that F GJ and F G K, (J V K)/F = J/FV K/F. 

(Hi) Sf is well defined and it is a bounded lattice morphism. 
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(iv) The following diagram is commutative: 


lA 


PF 


-Filt(>l) 

Sf 


(v) F has BLP iff B{dp) is surjective. 


A/F —Filt(^/F) 


Proof. dH Let a £ A. Then [a/F) — {b/F \ b £ A, {3n £ N)((a/F)" < b/F)} = {b/F \ 6 G (3n e N) [dPjF < 
&/F)} = {bjF I 5 G A (3n G N) (a" ^ 6 G F)} and {[a)PF)/F = [[a)UF)/F = [{a}UF)/F = {b/F \ b £ [{a}U 
P)} = {WP I {^n,k £N) {3xi, ... ,Xk £ F) {a^Qxi Q .. .Q Xn < b)} = {b/F \ (3 n G N) (3 a: G F) {a^Qx < 6)}, 
since any product of a finite family of elements of F belongs to F, and the converse is trivial; we shall be using 
this property repeatedly in what follows. Let b £ A such that b/F £ [a/F). Then ^ b £ F for some n G N, 
thus there exists an a: G F such that a" —>■ 6 = a;, so a: ^ a” —5, hence a" O x < 6 by the law of residuation, 
therefore b/F £ ([a) V F)/F. In what follows, we shall be using the law of residuation without mentioning it. 
Now let 6 G A such that b/F £ ([a) V F)/F. Then there exist n G N and x £ F such that d^ Q x < b, thus 
X < d^ ^ b, hence a" ^ b £ F, therefore b/F £ [a/F). Therefore ([a) V F)/F = [a/F). 

dni Let J and K be as in the enunciation. Then (J V K)/F — [J U K)/F = {a/F | a G [J U K)} = {a/F \ a £ 
A, (3n, fc G N) (3x1,... ,Xn G J) (3?/i,... , 2 /fc G F) (xi © ... © x„ © j/i © ... © j/fc < a)} = {a/F \ a G A, (3x G 
J)(3y £ K) (x Q y < a). And J / F d K / F = [J/FUF/F) = {a/F \ a £ A,{3n,k £ N) (3 xi,..., x„ G 
J) (3yi,... ,j/fc G F) (xi/F©.. .QXn/FQyi/FQ.. .Qyt/F < a/F)} = {a/F | a G A, (3n,/c G N) (3xi,..., x„ G 

J) (31/1,... ,j/fe G F) ((xi © ... © Xn)/F Q (yi Q ... Q yk)/F < a/F)} = {a/F \ a £ A, (3x G J){3y £ 

K) (x/F Q y/F < a/F)} = {a/F \ a £ A, (3 x G J) {3y £ K) {{x Q y)/F < a/F)}. If x, y, a G A such that 
xQy < a, then (x Qy)/F < a/F, thus (J d K)/F C J/F V F/F. Now let a G A such that a/F £ J/F V K/F, 
thus there exist x £ J and y £ K such that (x Q y)/F < a/F, that is (x © y) —>■ a G F, so (x © y) ^ a = z 
for some z £ F, thus z < {x Q y) ^ a, that is x © y © z < a. We have: x £ J, y £ K and z G F C F, thus 
yQz£K. So a/F G (J V F)/F. Therefore (J d K)/F = J/F V F/F. 

(lull) For all G £ Filt(A), GdF A F, thus {GdF)/F £ Filt(A/F), so dp is well defined. i5_f({1}) = ({1}VF)/F = 
F/F = {1/F}; dp(A) = {Ad F)/F = A/F. Now let G,H £ Filt(A). By ([n|, we have: dp{G d FI) = 
{Gd Hd F)/F = (G V F V F V F)/F = (G V F)/F V (F V F)/F = dp{G) V dp{H). By the distributivity of 
the lattice of filters of a residuated lattice, we have: (5 f(G fl F) = ((Gn F) V F)/F = ((G V F) fl (F V F))/F = 
(G V F)/F n (F V F)/F = dp{G) fl dp{H). Therefore dp is a bounded lattice morphism. 

(Ir^ Let a £ A. By 0, dp{iA{a)) = dp{[a)) = ([a) V F)/F = [a/F) = iA/F{o-/F) = iA/F{PF{a)). Therefore 
dF oiA = lA/F °Pf- 

(1^ By taking the restrictions to the Boolean centers in the commutative diagram in (Ir^ . we get the following 
commutative diagram, where we have denoted by B{iA) the restriction of m to B{A), and the same goes for 


B{A) -> g(Filt(A)) 


B{pf) 


B{dF) 


B{A/F) S(Filt(A/F)) 


Thus B{dp) o B{iA) = B{iA/F) ° ^{pf)- By Lemma 1?^ F(*^) and B{iA/F) are Boolean anti-isomorphisms. 
Hence: F has BLP iff B{pp) is surjective iff B{dp) is surjective. □ 

Now let us consider the congruence hA{F) ='^p associated to F and the bounded lattice morphism Ur^p : 
Con(A) ^ Con(A)/ '^p, for all 9 £ Con(A), u^p{9) = {9d ^f)/ ^f (see Section[4]). 

Lemma 5.8. The following diagram is commutative: 

Filt(A)— 


hA 


dF 


Filt(A/F)- 


t-a/f , 


■Con(A) 


■Con(A/F) 
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Proof. Let G G Filt(A). Then hA/FiSriG)) = hA/riiG y F)/F) =^^Q.^pyp= {{x/F,y/F) \ x,y £ A,x/F o 
y/F G (G V F)/F} = {{x/F,y/F) \ x,y £ A,{x ££ y)/F G (G V F)IF} and u^p{hA{G)) = = (^G 

V ~_f)/ ~f= {hA{G)VhA{F))/ ~F= hA{GVF)/ ~f=~Gvf / ~f= {(a:/ '^F,y/ ^f) \x,y £ A, {x,y) £ / ^gwf 
} = {{x/F, y/F) I x,y £ A,x ££ y £ Gy F}. For any cc, y G A, if cc -G)- y G G V F", then (x ££ y)/F £ {Gy F)/F; 
conversely, if {x ££ y)/F £ {Gy F)/F, then {x ££ y)/F = z/F for some z £ Gy F, thus {x ££ y) ££ z £ F, so, 
since (a: GG y) GG z < z —> (x -G)- y), it follows that z ^ {x ££ y) £ F, that is z ^ (x GG y) = t for some t £ F, 
hence t < z ^ {x ££ y), thus t Q z < x £y y, with t £ F £ G y F and z G G V F, hence t © z G G V F, thus 
X GG y G G V F. Hence hA/F{^F{G)) = u^p{hA{G)). Therefore Ha/f oSf = u^p o Ha- □ 

Proposition 5.9. (i) For every filter F of A: F has BLP iff '^f has CBLP. 


(a) A has BLP iff A has CBLP. 

Proof. 0 By applying the functor B from the category of bounded distributive lattices to the category of Boolean 
algebras to the commutative diagram in Lemma 15.81 we get the following commutative diagram in the category 
of Boolean algebras: 

g(Filt(H)) ►H(Con(H)) 


B{Sf) 


B{u.^p) 


H(Filt(H/F))^^^^^H(Con(H/F)) 


This means that: BIJiaif) ° B{Sf) = B{ur^p) o B{hA). La and La/f are bounded lattice isomorphisms, 
hence B{hA) and B{hA/F) are Boolean isomorphisms. By Lemma ISTfl Q, we get that: F has BLP iff B{5f) is 
surjective iff B{u^p) is surjective iff '^f has CBLP. 

m By 0 and the fact that La ■ Filt(Gl) ^ Con(H), for all F G Filt(H), hA{F) ='^f, is a bijection. □ 

Definition 5.10. [12] A is a Gelfand residuated lattice iff any prime filter of A is included in a unique maximal 
filter of A. 


Proposition 5.11. [12] A is Gelfand iff the lattice Filt(H) is normal. 

Corollary 5.12. A is Gelfand iff the lattice Con(H) is normal. 

Proof. By Proposition ih.lll and the fact that the bounded distributive lattices Filt(H) and Con(H) are isomorphic. 

□ 


The following corollary is part of [121 Theorem 6.20], but here we provide a different proof for it, by using 
the equivalence between CBLP and BLP in residuated lattices. 

Corollary 5.13. Any residuated lattice with BLP is Gelfand. 

Proof. By Proposition 15.91 01), Proposition 14.271 Corollary 15.121 and the trivial fact that any B-normal lattice 
is normal. □ 

An element of a G A is said to be idempotent iff of = a. The set of the idempotents of A is denoted by 
F(A). An element of a G A is said to be regular iff -■ -i a = a. The set of the regular elements of A is denoted by 
Reg (A). 

Definition 5.14. [12] Let F be an arbitrary filter of A. We say that F has the Idempotent Lifting Property 
(abbreviated ILP) ifFF(A/F) =F(A)/F. 

We say that A has the Idempotent Lifting Property (ILP) iff all of its filters have the ILP. 

Proposition 5.15. Neither of the properties BLP and ILP in residuated lattices implies the other. 

Proposition 5.16. [12] For any filter F of A, Reg(A/F) = Reg(A)/F. 

MV-algebras form a subclass of the class of BL-algebras, which, in turn, form a subclass of the class of 
residuated lattices. If A is a BL-algebra, then so is A/F for any F G Filt(A); the same goes for MV-algebras. 
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Proposition 5.17. [T^] Any BL-algebra is a Gelfand residuated lattice. 

Proposition 5.18. [T], [3], [T3], [15], [Hj, [57]) EH] If ^ is an MV-algebra, then B{A) = T{A). 

Corollary 5.19. If A is an MV-algebra, then: 

• for any filter F of A: '^p has CBLP iff F has BLP iff F has ILP; 

• A has CBLP iff A has BLP iff A has ILP. 

Proof. By Propositions 15.91 and 15.181 □ 

The equivalences not involving CBLP in the previous corollary were proven in m by using Proposition lS.lSI 
Now let us investigate them for BL-algebras. Of course, by Proposition 15.91 a BL~algebra has BLP iff it has 
CBLP, and, furthermore, any filter of it has BLP iff its associated congruence has CBLP. 

Proposition 5.20. [1], [9], [M], [15], [17], [27], [29] If A is a BL-algebra, then B{A) = T{A) nReg(A). 

Corollary 5.21. If A is a BL-algebra, then: 

(i) for any filter F of A: if F has ILP, then F has BLP; 

(ii) if A has ILP, then A has BLP. 

Proof. (jU If F has ILP, then X{A/F) = X{A)/F, so, by Propositions 15.201 and 15.161 B{A/F) = X{A/F) 0 
Reg(^/F) = X{A)/F n Reg(A)/F = B{A)/F, thus F has BLP. 

©By 0. □ 

Throughout the rest of this section, unless mentioned otherwise, {L, V, A, 0,1) shall be an arbitrary bounded 
distributive lattice. We shall denote the set of the filters of L by Filt(L), and the set of the ideals of L by 
Id(L). To each filter F of L, one can associate a congruence =f of L, defined by: for any x,y € L, x =f y 
iS X A a = y A a ioi some a € F; the mapping F i-A=f is an embedding of the bounded distributive lattice 
Filt(L) into Con(L). For every F £ Filt(L), any x £ L and any X C L, we shall denote by x/F = xf =f 
and X/F = X/ =f. Dually, to each ideal I of L, one can associate a congruence of L, defined by: for any 
x,y £ L, X y \S. xV a = yy a for some a £ I; the mapping / i—is a bounded lattice embedding of Id(L) 
into Con(L). 

Definition 5.22. [5].[7].[15] We say that a congruence ~ of L has the Boolean Lifting Property (BLP) iff 
B{L/ ~) = B{L)/ We say that L has the Boolean Lifting Property (BLP) iff all of its congruences have the 
BLP. 

We say that a filter F of L has the Boolean Lifting Property (BLP) iff has the BLP, that is iff B{L/F) = 
B{L)/F. We say that L has the Boolean Lifting Property for filters (Filt-BLP) iff all of its filters have the BLP. 

Similarly, we say that an ideal I oi L has the Boolean Lifting Property (BLP) iff ss/ has the BLP, and we 
say that L has the Boolean Lifting Property for ideals (Id-BLP) iff all of its ideals have the BLP. 

Clearly, in any bounded distributive lattice L, the BLP implies the Filt-BLP and Id-BLP, and the BLP is 
self-dual, while the Filt-BLP and Id-BLP are duals of each other. 

See in [10], [20], [21], [55], [23], [24], [T5] the definition of the reticulation functor C from the category of 
residuated lattices to the category of bounded distributive lattices, which takes every residuated lattice A to 
the unique (up to a bounded lattice isomorphism) bounded distributive lattice C{A) whose prime spectrum is 
homeomorphic to that of A, where the prime spectra are the sets of the prime filters of C{A), respectively A, 
endowed with the Stone topologies. C{A) is called the reticulation of A. The bounded distributive lattice £(A) 
is isomorphic to the dual of PFilt(A) ([5^, [5T]i. 

Proposition 5.23. [T0 Proposition 5.19] A has BLP iff C{A) has Filt-BLP. 

Remark 5.24. In bounded distributive lattices, CBLP always holds, as proven in Corollary 14.181 But the next 
remark contains an example of a bounded distributive lattice without Filt-BLP, thus without BLP. See, in what 
follows, whole classes of bounded distributive lattices without BLP. 
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Remark 5.25. Trivially, the functor £ preserves the CBLP, by Corollary 14.181 But £ does not reflect the 
CBLP. Indeed, let us consider the following example of residuated lattice from [15]: A = {0,a,b,c,d, 1}, with 
the following Basse diagram, with © = A and —defined by the following table: 



—>• 

0 

a 

b 

c 

1 

1 

0 

1 

1 

1 

1 

1 


a 

b 

1 

b 

1 

1 

A. 

b 

a 

a 

1 

1 

1 

a’Q-b 

c 

0 

a 

b 

1 

1 

0 

1 

0 

a 

b 

c 

1 


According to [11] Example 3.5], the residuated lattice A does not have BLP, because its filter [c) does not 
have the BLP, hence, by Proposition 15.91 ([u]), A does not have CBLP. But, according to Corollary 14.181 jC(A) 
has CBLP, as does every bounded distributive lattice. 

Concerning the structure of £(A), we may notice that £(A) has the same Basse diagram as A, because 
0 = A in A (A is a Godel algebra) and hence, according to a result in [^, £(A) is isomorphic to the underlying 
bounded lattice of A. In [5] Example 1], we have proven that this bounded distributive lattice does not have 
Filt-BLP, since its filter [c) does not have BLP. Of course, this and Proposition 15.231 provide another proof for 
the fact that A does not have the BLP, but this issue is, actually, trivial here, because the underlying bounded 
lattice of a Godel algebra is distributive, since, in any residuated lattice, 0 is distributive with respect to V, 
and, obviously, the filters of a Godel algebra coincide with the filters of its bounded lattice reduct, and so do 
the congruences associated to these filters, hence the BLP in a Godel algebra coincides with the Filt-BLP in its 
bounded lattice reduct. 

Bere is an extended version of one of the results recalled above: 

Proposition 5.26. [12] The following are equivalent: 

(i) A is a Gelfand residuated lattice; 

(ii) Filt(A) is a normal lattice; 

(Hi) PFilt(A) is a normal lattice; 

(iv) £(A) is a conormal lattice; 

(v) any prime filter of A is included in a unique maximal filter of A; 

(vi) any prime filter of C{A) is included in a unique maximal filter of C{A). 

Remark 5.27. In [6], by noticing that, if £ is a bounded distributive lattice which is not local and in which {1} 
is a prime filter, then L does not satisfy condition (T^ from Proposition 15.261 and thus L is not conormal, we 
have pointed out that, for instance, an ordinal sum between a bounded distributive lattice which is not local (for 
example, a direct product of at least two non-trivial chains) and a non-trivial chain is not a conormal bounded 
distributive lattice. Such a lattice is £(A) from Remark 15.251 which is the ordinal sum between C\ and £ 2 , 
where £2 is the two-element chain. 

Remark 5.28. Concerning the class of the B-normal lattices, notice that it includes all congruence lattices 
of bounded distributive lattices, according to Corollary 14.181 and Proposition 14.271 and it also includes all 
congruence lattices of algebras satisfying (B) from any discriminator equational class, according to Corollary 
14.211 and Proposition 14.271 (see examples of classes of such algebras in Remark 14.221) . 

Corollary 5.29. (i) The image of the class of Gelfand residuated lattices through the reticulation functor is 

included in the class of conormal bounded distributive lattices, thus it is not the whole class of the bounded 
distributive lattices. 
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(ii) The image of the class of the residuated lattices with BLP through the reticulation functor is included in 
the class of conormal bounded distributive lattices, thus it is not the whole class of the bounded distributive 
lattices. 

(Hi) The image of the class of the residuated lattices with CBLP through the reticulation functor is included in 
the class of conormal bounded distributive lattiees, thus it is not the whole class of the bounded distributive 
lattiees. 

(iv) The image of the class of BL-algebras through the reticulation functor is included in the class of conormal 
bounded distributive lattices, thus it is not the whole class of the bounded distributive lattices. 

(v) The image of the class of MV-algebras through the reticulation functor is included in the class of conormal 
bounded distributive lattices, thus it is not the whole class of the bounded distributive lattices. 

Proof. (0 By ProDOsition l5.26l and Remark l5.271 which actually provides quite a productive method for obtaining 
bounded distributive lattices which are outside of the image through the reticulation functor of the class of 
Gelfand residuated lattices, and thus of any of the classes mentioned in © , (pH)) . (Ir^ . (jvj) (see just below). 

® By (|i]) and Corollary 15.131 

(Hill) By (|n]) and ProDOsition l5.91 which shows that the class of the residuated lattices with BLP coincides to the 
class of the residuated lattices with CBLP. 

(Irvp) By (U and Proposition 15.171 

(jyj) By (jl^ and the fact that the class of MV-algebras is included in the class of BL-algebras. □ 

Now let us see if the statements in Proposition l5.26l which refer to normality or conormality remain equivalent 
if we replace these properties by B-normality and B-conormality, respectively. 

Corollary 5.30. ,B(PFilt(y4)) = ,B(Filt(y4)). 

Proof. Since PFilt(A) is a bounded sublattice of the bounded distributive lattice Filt(A), it follows that 
B(PFilt(yl)) C 6(Filt(A)). But, according to Lemma E© 6(Filt(yl)) = {[e) | e G B{A)} C PFilt(A), hence 
B(Filt(A)) = {[e) I e G S{A)} C B(PFilt(^)) since B(Filt(A)) is a Boolean algebra. Therefore B(PFilt(^)) = 

B(FiltU))- □ 

Proposition 5.31. The following are equivalent: 

(i) A has CBLP; 

(ii) A has BLP; 

(Hi) Con(A) is a B-normal lattice; 

(iv) Filt(A) is a B-normal lattice; 

(v) PFilt(7l) is a B-normal lattice; 

(vi) C{A) is a B-conormal lattice; 

(vii) C{A) has Filt-BLP; 

(via) PFilt(A) has Id-BLP. 

Proof. (|Il)<t=>©: By Proposition l5.91 ©. 

(IIl<t=>(|n2): By Proposition 14.271 

(IIyt=>(|y|): By Corollary 15.301 and the fact that PFilt(A) is a bounded sublattice of Filt(A). 

(|yj)=4>([©: Let F,G £ Filt(A) such that F W G = A. Then X Q y = 0 for some x £ F and y £ G. So 
[a;) V [y) = [x (■) y) = [0) = A, hence, according to Corollary 15.301 there exist H,K £ 6(PFilt(A)) = 6(Filt(A)) 
such that H n K = {1} and [x) V H = [y) V K = A. But x £ F and y £ G, thus [cc) C F and [y) C G, hence 
A = [x) V H C F V H and A=[y)\/K£G\/K, thus F\/H = G\/K = A. Therefore Filt(^) is B-normal. 
(Iiil)<t» (lviil) : By Proposition [5231 

(jy])0(|Hl) and (l^uil) <t» (lviiil) : By the fact that C{A) is isomorphic to the dual of PFilt(A). □ 
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Corollary 5.32. Any bounded distributive lattice which is not B-conormal does not belong to the image of the 
class of the residuated lattices with BLP (eguivalently, with CBLP) through the reticulation functor. Conse¬ 
quently, any bounded distributive lattice which is not conormal does not belong to the image of the class of the 
residuated lattices with BLP (equivalently, with CBLP) through the reticulation functor. 

Remark 5.33. The previous corollary shows that, for instance, the bounded distributive lattices constructed 
as in Remark 15.271 do not belong to the image of the class of residuated lattices with BLP (equivalently, with 
CBLP) through the reticulation functor. 

Corollary 5.34. The following are equivalent: 

• the lattice PFilt(A) is normal and it is not B-normal; 

• the lattice PFilt(7l) is normal and it does not have Id-BLP; 

• the lattice C,{A) is conormal and it is not B-conormal; 

• the lattice C{A) is conormal and it does not have Filt-BLP; 

• A is Celfand and it does not have BLP; 

• A is Celfand and it does not have CBLP. 

Proof. By Propositions 15.261 and [57311 □ 

Example 5.35. Let A be the residuated lattice in Remark l5.251 which does not have BLP, and whose underlying 
bounded lattice is isomorphic to C{A). The prime filters of C{A) are [a) and [6), which coincide to its maximal 
filters, hence A is Gelfand by Proposition 15.261 So >1 is a Celfand residuated lattice without BLP (equivalently, 
without CBLP). 

Furthermore, since A has © = A, A is a Godel algebra, so, by m Corollary 4.5], it follows that A has ILP, 
hence, by Corollarv l5.211 (|ii|). we get that A is not a BL-algebra. So this is an example of a Gelfand residuated 
lattice which is not a BL-algebra, that is a counter-example for the converse of Proposition [STTl 


6 CBLP in Semilocal Algebras 


In this section, we study the CBLP in semilocal arithmetical algebras. 

Throughout this section, we shall assume that all the algebras from C are arithmetical, and that the algebra 
A is non-trivial. Consequently, Max(y4) is non-empty. 

We say that A is semilocal iff Max(.4) is hnite. 

The results in this section generalize the results on semilocal residuated lattices from m Section 6]. 
Proposition 6.1. The following are equivalent: 

(i) A is semilocal and satisfies (*); 

(ii) A is semilocal and has CBLP; 

(Hi) A is semilocal and Rad (.4) has CBLP; 


(iv) 

(v) 


n 


there exist n G N* and ai,... ,an G S(Con(4l)) such that 
with i j and A/ai is local for all i G 1, n; 

A is isomorphic to a finite direct product of local algebras. 


Pi Oj = Aa, 

i=l 


ai V ttj 


Va for all i,j G 1, n 
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Proof. (|Il)=>(|ii|): By Proposition 14.441 
dm^jiiil): Trivial. 

(Iml)=^ (Irv^ : Let n € N* be the cardinality of Max(^) and Max(^) = ..., </)„}. Then, according to [HI Lemma 

n 

2], A/'Ra.(i{A) is isomorphic to hence, by Lemma 1^31 it follows that there exist 0i,... G Con(^) 

i=l 

such that Rad(^) C 9i for all i G l,n and the following hold: 


(a) Rad(.4) C for all i G l,n; 

(&) Oi/'Ra.A{A) G S(Con(^/Rad(^))) for all z G l,n; 

n 

(c) Pi 6l,/Rad(^) = ; 

2—1 _ 

(d) 0i/Rad(^) V 0j7Rad(^) = ^yl/f{_ad(^) G l,n such that i ^ j; 

(e) for all z G l,n, A/cfi is isomorphic to which in turn is isomorphic to A/0i by 

the Second Isomorphism Theorem, hence A/cfi is isomorphic to Ajdi. 

n n 

Since Rad(^) C 6i for all z G l,n, it follows that Rad(^) C p 0j. From (c) we obtain: (n 6»,)/Rad(^) = 

2=1 2=1 

n 

^^/Rad(^)’ a,h G A such that (a, 6) e P| 6**, it follows that (a/Rad(^), 6/Rad(^)) € 

2 = 1 

n 

that is a/Rad(^) = 6/Rad(^), which means that (a, 6) G Rad(^); hence P C Rad(^). Therefore: 

i=l 


(/) P0, = Rad(^). 

i=l 

From (d) we get that: for all i,j G l,n such that z 7 j, V dj)/Rad(^) = ^yl/R,ad(.A) “ V^/Rad(^), so 
«Rad(^)(^* V 9,) = SRad(^)(^-4)^ ^ence, by the injectivity of SRad(^)- 

(g) 9i\/ 9j — Va for all i,j G 1, n such that z 7 j- 

From (6) and the fact that Rad(^) has CBLP, it follows that there exist Q!i,...,a„ G 6(Con(^)) such 
that, for all z G l,n, 9i/YLa.d{A) = {ai V Rad(^))/Rad(^), that is (di) = 'SRad(^)(®» Rad(^)), thus 

n n n 

9i = Q!i VRad(^) by the injectivity of SRad(^)- obtain that (P a^) VRad(^) = P(aiVRad(^)) = P = 

2 = 1 2 = 1 2=1 

n n n 

Rad(^) according to (/), thus P Ofi C Rad(.A). But P G i3(Con(yl)), hence P <ai = by Lemma 321 

2 = 1 2=1 2=1 

From (g) we obtain: for all i,j G 1, rz such that z 7 j\ on V aj V Rad(^) = 0i V 9j = Rad(y4), hence ai V aj = 
by Lemma 14.411 

For every z G l,n, since (fi G Max(^), it follows that 7 ^A, thus A/(j)i is non-trivial, hence, by (e), 
A/9i is non-trivial, thus 9i 7 but 9i = aiV Rad(^), so ai < 9i < V^, thus ai 7 V^, so Ajai is non¬ 
trivial, thus A _4 is a proper congruence of A^ hence Max(yl/ai) is non-empty by Lemma 12.21 (ji]). According 

n n 

to Proposition 13.51 (0), ^ |Max(A/ai)| = |Max(J^ A/ai)| = |Max(A/Rad(A))| = n. It follows that, for all 

_ i=l i=l 

z G l,n, |Max(A/ai)| = 1, that is Ajai is local. 

(liyl)<t=>(jvj): By Lemma 1^31 

By Corollaries 14.291 and 14.381 

(|yj)=4>(Iil): By Corollary l439l □ 
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Corollary 6.2. If A is semilocal, then: A satisfies (*) iff A has GBLP *j^Rad(.4) has CBLP. 

Corollary 6.3. If A is finite, then: A satisfies (*) iff A has CBLP iffKad{A) has CBLP. 

Open problem 6.4. Find an arithmetical algebra fulfilling (H) with CBLP that does not satisfy (*). 

Remark 6.5. Concerning the open problem above, note that, according to Corollarv l6.21 an arithmetical algebra 
fulfilling (H) with CBLP that does not satisfy (*) is not semilocal. Finding an algebra which is not semilocal is 
easy: for instance, according to Proposition l3.61 0, a direct product of an infinite family of non-trivial algebras 
is not semilocal. In some particular cases, such as that of Godel algebras, CBLP is preserved by arbitrary direct 
products, according to Proposition 15.91 and [TTl Proposition 5.2]; unfortunately, in this particular case, so is (*). 
The open problem above may prove difficult. 

Corollary 6.6. //Rad(.4) has CBLP, then: A is semilocal iff it is isomorphic to a finite direct product of local 
algebras. 

Corollary 6.7. If A is normal, then: A is semilocal iff it is isomorphic to a finite direct product of local algebras. 

Proof. By Corollary 16.61 and Proposition 14.421 □ 

Definition 6.8. [5] The algebra A is said to be maximal iff, given any index set I, any family {ai)i^i C A and 
any family C Con(.4) with the property that, for any finite subset J of I, there exists an xj £ A such 

that {xj, Ui) £ 9i for all i £ J, it follows that there exists an x £ A such that {xi, af) £ 9i for all i £ I. 

Lemma 6.9. [8] Any maximal algebra is semilocal. 

n 

Lemma 6.10. [8] Let n £ N*, Ai,... ,An be algebras and A = Then: A is maximal iff Ai is maximal 

_ i=l 

for every i £ l,n. 

Proposition 6.11. The following are equivalent: 

(i) A is maximal and satisfies (*); 

(ii) A is maximal and has CBLP; 

(Hi) A is maximal and Rad(.A) has CBLP; 

(iv) A is isomorphic to a finite direct product of maximal local algebras. 

Proof. 0<t^(lnl): By Proposition 14.441 

(|nl)<t4>(|uil): By Lemma 16.91 and Proposition 16.ll 

(pl|)=»(lr^: By Lemma [6.91 Proposition 16.II and Lemma [6.101 

(110 =» (Ini): Assume that A is isomorphic to a finite direct product of maximal local algebras. Then A is maximal 
by Lemma 16.101 and A has CBLP by Corollaries 14.291 and 14.381 

(0=^0: By Lemma [6T0| and Corollary |T39l □ 

Corollary 6.12. //Rad(A) has CBLP, then: A is maximal iff it is isomorphic to a finite direct product of 
maximal local algebras. 

Corollary 6.13. If A is normal, then: A is maximal iff it is isomorphic to a finite direct product of maximal 
local algebras. 

Proof. By Proposition 14. 421 and Corollarv l6.12l □ 
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